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A RIEMANN-HURWITZ FORMULA FOR SKELETA IN
NON-ARCHIMEDEAN GEOMETRY
JOHN WELLIAVEETIL
Abstract. Let k be an algebraically closed non-Archimedean non trivially
real valued field which is complete with respect to its valuation. Let φ : C′ → C
be a finite morphism between smooth projective irreducible k-curves. The
morphism φ induces a morphism φan : C′an → Can between the Berkovich
analytifications of the curves. We construct a pair of deformation retractions
of C′an and Can which are compatible with the morphism φan and whose
images ΥC′an , ΥCan are closed subspaces of C
′an, Can that are homeomor-
phic to finite metric graphs. We refer to such closed subspaces as skeleta. In
addition, the subspaces ΥC′an and ΥCan are such that their complements in
their respective analytifications decompose into the disjoint union of isomor-
phic copies of Berkovich open balls. The skeleta can be seen as the union
of vertices and edges, thus allowing us to define their genus. The genus of a
skeleton in a curve C is in fact an invariant of the curve which we call gan(C).
The pair of compatible deformation retractions forces the morphism φan to
restrict to a map ΥC′an → ΥCan . We study how the genus of ΥC′an can be
calculated using the morphism φan
|ΥC′an
and invariants defined on ΥCan .
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1. Introduction
Our goal in this paper is to define and study a topological invariant on algebraic
curves defined over suitable non-Archimedean real valued fields that arise naturally
from their analytifications.
Let k be an algebraically closed, complete non-Archimedean non trivially real
valued field. Let C be a k-curve. By k-curve, we mean a one dimensional connected
reduced separated scheme of finite type over the field k. It is well known that
there exists a deformation retraction of Can onto a closed subspace Υ which is
homeomorphic to a finite metric graph [[B], Chapter 4], [[HL], Section 7]. We call
such subspaces skeleta. The skeleton Υ can be decomposed into a set of vertices
V (Υ) and a set of edges E(Υ). We define the genus of the skeleton Υ as follows.
g(Υ) = 1− V (Υ) + E(Υ).
In Proposition 2.25, we show that g(Υ) is a well defined invariant of the curve
and does not depend on the retract Υ. Let gan(C) := g(Υ) for any such Υ. We
study how gan varies for a finite morphism using a compatible pair of deformation
retractions.
Let C′, C be smooth projective irreducible k-curves and φ : C′ → C be a finite
morphism. The morphism φ induces a morphism between the respective analytifi-
cations which we denote φan. Hence we have
φan : C′an → Can.
We prove that there exists a pair of compatible deformation retractions
ψ : [0, 1]× Can → Can
and
ψ′ : [0, 1]× C′an → C′an
with the following properties.
(1) The sets ΥC′an := ψ
′(1, C′an) and ΥCan := ψ(1, C
an) are closed subspaces
of C′an and Can which are homeomorphic to finite metric graphs. Further-
more, we have that ΥC′an = (φ
an)−1(ΥCan).
(2) The analytic spaces C′anrΥC′an and C
anrΥCan decompose into the disjoint
union of isomorphic copies of Berkovich open disks i.e. there exist weak
semistable vertex sets (cf. Definition 2.19) A ⊂ Can and A′ ⊂ C′an such
that ΥCan = Σ(C
an,A) and ΥC′an = Σ(C
′an,A′).
(3) The deformation retractions ψ and ψ′ are said to be compatible in the
sense that the following diagram is commutative.
[0, 1]× Can Can
[0, 1]× C′an C′an
❄ ❄
✲
✲
ψ
ψ′
id× φan φan
.
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In Sections 4 and 5, we study how gan(C′) and gan(C) relate to each other under
the added assumption that φ : C′ → C is a finite morphism between smooth pro-
jective irreducible curves. The necessary notation to make sense of the following
result - Corollary 4.9 can be found in Section 4.1 and Definitions 4.6 and 4.8.
Corollary 4.9 Let φ : C′ → C be a finite separable morphism between smooth
projective irreducible curves over the field k. Let gan(C′), gan(C) be as in Definition
2.26. We have the following equation.
2gan(C′)− 2 = deg(φ)(2gan(C) − 2) + Σp∈Can2i(p)gp +R− Σp∈CanR
1
p.
In Section 5, we present another method to calculate the invariant gan(C′) using
the existence of a pair of compatible deformation retractions ψ and ψ′ on Can
and C′an whose images are skeleta ΥCan and ΥC′an . We assume in addition that
the morphism φ : C′ → C is such that the induced extension of function fields
k(C) →֒ k(C′) is Galois. By construction of ψ′ and ψ, φan restricts to a morphism
between the two skeleta. We show that the genus of the skeleton ΥC′an can be
calculated using invariants associated to the points of ΥCan . In order to do so we
define a divisor w on ΥCan whose degree is 2g(ΥC′an) − 2. A divisor on a finite
metric graph is an element of the free abelian group generated by the points on the
graph.
We define w as follows. For a point p ∈ ΥCan , let w(p) denote the order of the
divisor at p. We set
w(p) := (
∑
ep∈Ep,p′∈(φan)−1(p)
l(ep, p
′))− 2np.
The terms in this expression are defined as follows. Let Tp denote the tangent space
at the point p (cf. 2.2.3, 2.4.1).
(1) Let Ep ⊂ Tp be those elements for which there exists a representative
starting from p and contained completely in ΥCan .
(2) Let p′ ∈ C′an such that φan(p′) = p. The morphism φan induces a map
dφp′ between the tangent spaces Tp′ and Tp (cf. 2.2.3, 2.4.1). Let ep ∈ Ep.
We define L(ep, p
′) ⊂ Tp′ to be the preimages of ep for the map dφp′ . As
ΥC′an = (φ
an)−1(ΥCan), any element of L(ep, p
′) can be represented by a
geodesic segment that is contained completely in ΥC′an . Let l(ep, p
′) denote
the cardinality of the set L(ep, p
′).
(3) We define np to be the cardinality of the set of preimages of the point p i.e.
np := card{(φan)−1(p)}.
In Proposition 5.4, we show that w is indeed a well defined divisor whose degree
is equal to 2g(ΥC′an)−2. We then study the values np and l(ep, p
′) described above.
These results are sketched below.
We study the value np for p ∈ ΥCan in terms of two invariants - ram(p) and c1(p)
which are defined as follows.
Let p ∈ ΥCan.
(1) If p is a point of type I then we set ram(p) to be the ramification degree
ram(p′/p) for any p′ ∈ C′an such that φan(p′) = p. As the morphism φ is
Galois, ram(p) is well defined. If p is not of type I then we set ram(p) := 1.
(2) In order to define the invariant c1, we introduce an equivalence relation
on C′(k). For y1, y2 ∈ C′(k), we set y1 ∼c(1) y2 if φ(y1) = φ(y2) and
ψ′(1, y1) = ψ
′(1, y2). Let c1(y) denote the cardinality of the equivalence
class that contains y. In Lemma 5.8, we show that the function c1 : C(k)→
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Z≥0 defined by setting c1(x) = c1(y) for any y ∈ φ−1(x) is well defined.
We proceed to show that if x ∈ C(k) then c1(x) depends only on the point
ψ(1, x) ∈ ΥCan . This defines c1 : ΥCan → Z≥0.
The values c1(p) and ram(p) can be used to calculate np by the following relation
(Proposition 5.10).
np = [k(C
′) : k(C)]/(c1(p)ram(p)).
We simplify the term l(ep, p
′) which appears in the expression defining w. Let
p ∈ ΥCan and ep ∈ Ep. In Lemma 5.12 we show that l(ep, p′) remains constant as
p′ varies through the set of preimages p′ ∈ (φan)−1(p). We set l(ep) := l(ep, p′). We
introduce the invariants - ˜ram(ep) and r˜am(p) to study l(ep).
(1) Let p ∈ ΥCan . By definition ep is an element of the tangent space Tp
at p (cf. Sections 2.2.3, 2.4.1). As p is of type II, it corresponds to a
discrete valuation of the k˜-function field H˜(p). For any p′ ∈ (φan)−1(p), the
extension of fields H˜(p) →֒ H˜(p′) can be decomposed into the composite of a
purely inseparable extension and a Galois extension. Hence the ramification
degree ram(e′/ep) is constant as e
′ varies through the set of preimages of
ep at Tp′ for the map dφ
alg
p′ : Tp′ → Tp (cf. 2.4.1). Let r˜am(ep) be this
number. When p is of type I, we set r˜am(ep) = ram(p) and when p is of
type III, we set r˜am(ep) = c1(p).
(2) For p ∈ ΥCan , we define r˜am(p) := Σep∈Ep1/r˜am(ep).
In Proposition 5.15, we show that if p ∈ ΥCan and ep ∈ Ep then
l(ep) = [k(C
′) : k(C)]/(npr˜am(ep)).
The results of section 5 are compiled so that the value 2gan(C′)− 2 can be com-
puted in terms of the invariants c1, r˜am and ram.
Theorem 5.17 Let φ : C′ → C be a finite morphism between smooth projective
irreducible k-curves such that the extension of function fields k(C) →֒ k(C′) induced
by φ is Galois. Let gan(C′) be as in Definition 2.26. We have that
2gan(C′)− 2 = deg(φ)Σp∈ΥCan [r˜am(p)− 2/(c1(p)ram(p))].
Recently, in [TEM2] and [TEM3], Michael Temkin, Adina Cohen and Dmitri
Trushin have obtained results on wild ramification for finite morphisms between
quasi-smooth Berkovich curves which bear some resemblance to results considered
in this paper.
2. Preliminaries
2.1. The analytification of a k-variety. Let k be a non-trivially non-Archimedean
real valued, algebraically closed complete field. Let |.| denote the valuation on k.
By definition, |.| : k∗ → R>0 which we extend to |.| : k → R≥0 by setting |0| := 0.
Similarly, we define val : k∗ → R by setting val = −log(|.|) and extend it to
val : k → R ∪∞ by setting val(0) = ∞. We begin with a brief discussion of the
analytification of a k-variety after which we deal with the analytification of a k-
curve. By curve, we mean a one dimensional connected reduced separated scheme
of finite type over k.
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Let X be a reduced, separated scheme of finite type over the field k. Associated
functorially to X is a Berkovich analytic space Xan. We examine this notion in
more detail.
Let k− an denote the category of k-analytic spaces [[B2], 1.2.4], Set denote the
category of sets and Schlft/k denote the category of schemes which are locally of
finite type over k. We define a functor
F : k− an→ Set
Y 7→ Hom(Y,X)
where Hom(Y,X) is the set of morphisms of k-ringed spaces. The following theorem
defines the space Xan.
Theorem 2.1 ([B], 3.4.1). The functor F is representable by a k-analytic space
Xan and a morphism π : Xan → X. For any non-Archimedean field K extending
k, there is a bijection Xan(K)→ X(K). Furthermore, the map π is surjective.
The associated k-analytic space Xan is good. This means that for every point
x ∈ Xan there exists a neighbourhood of x isomorphic to an affinoid space. Theorem
2.1 implies the existence of a well defined functor
()an :Schlft/k → good k − an
X 7→ Xan.
As a set Xan is the collection of pairs {(x, η)} where x is a scheme theoretic point
of X and η is a valuation on the residue field k(x) which extends the valuation on
the field k. We endow this set with a topology as follows. A pre-basic open set is
of the form {(x, η) ∈ Uan||f(η)| ∈ W} where U is a Zariski open subset of X with
f ∈ OX(U), W an open subspace of R≥0 and |f(η)| is the evaluation of the image
of f in the residue field k(x) at η. A basic open set is any set which is equal to
the intersection of a finite number of pre-basic open sets. Properties of the scheme
translate to properties of the associated analytic space. If X is proper then Xan is
compact and if X is connected then Xan is pathwise connected.
Let C be a k-curve. As above, the set Can is the collection of pairs {(x, η)} where
x is a scheme theoretic point of C and η is a rank one valuation on the residue field
k(x) which extends the valuation on the field k. We divide the points of Can into
four groups using this description. For a point x := (x, µ) ∈ Can, let H(x) denote
the completion of the residue field k(x) for the valuation η. Let s(x) denote the
trancendence degree of the residue field H˜(x) over k˜ and t(x) the rank of the group
|H(x)∗|/|k∗|. Abhyankar’s inequality implies that s(x) + t(x) ≤ 1. This allows us
to classify points. We call x a type I point if it is a k-point of the curve. In which
case, both t(x) = s(x) = 0. If s(x) = 1 then t(x) = 0 and such a point is said to be
of type II. If t(x) = 1 then s(x) = 0 and such a point is considered to be of type
III. Lastly, if t(x) = d(x) = 0 and x is not a k-point of the curve then we call x a
point of type IV.
The fact that C is connected and separated implies that the analytification Can
is Hausdorff and pathwise connected. When C is in addition projective, the an-
alytification Can compact. As an example we describe the analytification of the
projective line P1,ank .
2.2. Semistable vertex sets.
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2.2.1. P1,ank - The analytification of the projective line over k. The points of P
1,an
k
can be classified as follows. The set of type I points are the k-points P1k(k) of the
projective line. The type II, III and IV points are of the form (ζ, µ) where ζ is the
generic point of P1k and µ is a multiplicative norm on the function field k(P
1
k) which
extends the valuation on the field k. The field k(P1k) can be identified with k(T ) by
choosing coordinates. Hence describing the set of points of P1,ank \P
1
k(k) is equivalent
to describing the set of multiplicative norms on the function field k(T ) which extend
the valuation on k. Let a ∈ P1k(k) be a k-point and B(a, r) ⊂ k denote the closed
disk around a of radius r contained in P1k(k). We define a multiplicative norm ηa,r
on k(T ) as follows. Let f ∈ k(T ). We set |f(ηa,r)| := supy∈B(a,r){|f(y)|}. It can
be checked that this is a multiplicative norm on the function field. If r belongs to
|k∗| then (ζ, ηa,r) is a type II point. Otherwise (ζ, ηa,r) defines a type III point.
It can be shown that every type II and type III point is of this form. A type IV
point corresponds to a family of nested closed disks with empty intersection. Let
J be a directed index set and for every j ∈ J , B(aj , rj) be a closed disk around
aj ∈ k of radius rj such that
⋂
j∈J B(aj , rj) = ∅. Let E := {B(aj , rj)|j ∈ J}.
We define a multiplicative norm ηE on the function field as follows. For f ∈ k(T ),
let |f(ηE)| := infj∈J{supy∈B(aj ,rj)|f(y)|}. The set of multiplicative norms on k(T )
defined in this manner corresponds to the set of type IV points in P1,ank .
It is standard practice to describe the points of A1,ank as the collectionM(k[T ])
of multiplicative seminorms on the algebra k[T ] which extend the valuation of the
field k. As a set P1,ank = A
1,an
k ∪ {∞} where ∞ ∈ P
1
k(k) is the complement of the
affine subspace Spec(k[T ]) ⊂ P1k.
2.2.2. The standard analytic domains in A1,an. We follow the treatment in Section 2
of [BPR]. The topological space P1,ank is compact, simply connected and Hausdorff.
We now describe certain subspaces of A1,ank ⊂ P
1,an
k . The tropicalization map,
trop : M(k[T ]) = A1,an → R ∪ ∞ is defined by p 7→ −log|T (p)|. Using trop, we
define certain analytic domains contained in A1,an.
(1) For r ∈ |k∗|, the standard closed ball of radius r, B(r) is the set
trop−1([−log(r),∞]). The space B(r) is the affinoid space M(k{r−1T }).
(2) For r ∈ |k∗|, the standard open ball of radius r denoted O(r) is the set
trop−1((−log(r),∞]). The spaceO(r) is an open analytic domain contained
in A1,an.
(3) For r1, r2 ∈ |k∗| with r1 ≤ r2, the standard closed annulus S(r1, r2) of
inner radius r1 and outer radius r2 is the set trop
−1([−log(r2),−log(r1)]).
It is the affinoid spaceM(k{r1T−1, r
−1
2 T }). The (logarithmic) modulus of
S(r1, r2) is defined to be the value log(r2)− log(r1).
(4) For r1, r2 ∈ |k∗| with r1 < r2, the standard open annulus of inner radius r1
and outer radius r2 denoted S(r1, r2)+ is the set trop
−1((−log(r2),−log(r1))).
The (logarithmic) modulus of S(r1, r2)+ is defined to be the value log(r2)−
log(r1).
(5) Let r ∈ |k∗|. The standard punctured Berkovich open disk of radius r is
the set O(r) r {0} which we denote S(0, r)+.
We now highlight certain sub spaces of the analytic domains defined above. The
tropicalization map defined above restricts to a map trop : Ganm → R. We define
a section σ : R → Ganm of the restriction of the tropicalization map to G
an
m by
mapping r ∈ R to the point η0,−exp(r) (cf. 2.2.1).
Definition 2.2. Let A be a standard open annulus, a standard closed annulus or a
standard punctured open disk. The skeleton of A denoted Σ(A) is the set σ(R)∩A.
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Example 2.3. (1) If r1, r2 ∈ |k∗| with r1 < r2 then the skeleton of the stan-
dard open annulus S(r1, r2)+ is the set σ((−log(r2),−log(r1))).
(2) If r1, r2 ∈ |k∗| with r1 ≤ r2 then the skeleton of the standard closed annulus
S(r1, r2) is the set σ([−log(r2),−log(r1)]).
Following [BPR], we introduce the following definition to distinguish those prop-
erties of the standard analytic domains above and their skeleta which are invariant
under isomorphism.
Definition 2.4. A general closed disk (resp. general closed annulus, resp. general
open annulus, resp. general open disk, resp. general punctured Berkovich open disk)
is an analytic space that is isomorphic to a standard closed disk (resp. standard
closed annulus, resp. standard open annulus, resp. standard open disk, resp.
standard punctured open disk).
Proposition 2.5 ([BPR], 2.8). Let A,A′ be standard closed annuli or open annuli
or punctured open disks. Let φ : A → A′ be an isomorphism. Then Σ(A) =
φ−1(Σ(A′)).
Definition 2.6. Let A be a general open annulus (resp. general closed annulus,
resp. general punctured Berkovich open disk). Let A′ be a standard open annulus
(resp. standard closed annulus, resp. standard punctured Berkovich open disk)
such that there exists an isomorphism of analytic spaces φ : A→ A′. The skeleton
Σ(A) of A is the set φ−1(Σ(A′)). The skeleton of A is well defined by Proposition
2.5.
When A is a general open or closed annulus or general punctured open disk, the
skeleton Σ(A) can be identified with a real interval upto linear transformations of
the form x 7→ x+ val(α) for some α ∈ k∗. The skeleton Σ(A) is endowed with the
structure of a metric space.
We introduce the notion of a semistable vertex set of a smooth, projective curve
and then generalize this notion to the case of any curve C over k. As above, given
a semistable vertex set we associate to it a closed subspace called its skeleton. We
then show that the homotopy type of Can is determined by such skeleta. What
follows is inspired by the treatment in [[AB], 4.4], [[HL], Section 7] and [[BPR],
Section 5].
Definition 2.7. Let C be a smooth, projective, irreducible curve defined over the
field k and Can be its analytification. A semistable vertex set V for Can is a finite
collection of type II points such that if C denotes the set of connected components of
CanrV then there exists a finite subset S ⊂ C such that every A ∈ S is isomorphic
to a standard open annulus whose inner and outer radius belong to |k∗| and every
A ∈ C r S is isomorphic to the standard open disk of unit radius O(1). Such a
decomposition of the space Can rV is called a semistable decomposition.
The existence of semistable vertex sets in Can follows from Section 4 in [BPR].
Definition 2.8. An abstract finite metric graph comprises the following data: A
finite set of vertices W , a set of edges E ⊂ W × W which is symmetric and a
function l : E → R>0 ∪∞ such that if (x, y) ∈ E then l(x, y) = l(y, x).
The function l is called the length function.
Definition 2.9. A finite metric graph G is the geometric realisation of an abstract
finite metric graph (V,E, l) in which every edge e can be identified with a real
interval of length l(e). The genus g(G) of the graph G is defined to be the number
1− card(V ) + card(E).
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It can be verified that if G is a graph which is the geometric realisation of two
abstract finite metric graphs (V,E, l) and (V ′, E′, l′) then 1− card(V )+ card(E) =
1− card(V ′) + card(E′).
Definition 2.10. Let C be a smooth projective irreducible curve over k. The
skeleton associated to a semistable vertex set V in Can is defined to be the union
of the skeleta of all open annuli which occur in the semistable decomposition along
with the vertex set V. It is denoted Σ(Can,V).
Let C be as in the definition above. The skeleton Σ(Can,V) can be seen as
a graph whose edges correspond to the closures of the skeleta of the generalized
open annuli that occur in the semistable decomposition associated to the set V.
The space Can is pathwise connected. Hence for any two points v1, v2 ∈ V, there
exists a path between them. From the nature of the semistable decomposition,
each such path can be taken to be the union of a finite number of edges of the
skeleton Σ(Can,V). It follows that Σ(Can,V) is pathwise connected. By Corollary
2.6 in [BPR], the modulus of the skeleton of every open annulus which occurs in the
semistable decomposition defines a length function on the set of edges of Σ(Can,V).
The skeleton Σ(Can,V) is thus a finite, metric graph. Let x, y ∈ Σ(Can,V) and P
be an injective path from x to y. The path P can be seen as the finite union of
injective closed paths
⋃
i Pi such that for every i, Pi is contained in the closure of the
skeleton of a general open annulus which occurs in the semistable decomposition
associated to V. The skeleton of such an open annulus is a metric space, and
its metric extends to its closure in Can. It follows that the length l(Pi) of the
path Pi is well defined. For instance, if Pi is an injective path from xi to yi then
l(Pi) := d(xi, yi) where d is the metric on the skeleton of the closure of the open
annulus that contains xi and yi. We set l(P ) := Σil(Pi). The graph Σ(C
an,V) can
be given the structure of a metric space by defining the distance between two points
x, y in Σ(Can,V) to be minP∈P(x,y){l(P )} where P(x, y) is the set of injective paths
between x and y. This defines a metric on Σ(Can,V).
Let V′ be a semistable vertex set that contains V. By Propositions 3.13 and 5.3
in [BPR], Σ(Can,V) ⊆ Σ(Can,V′ and the inclusion is an isometry. Let H0(Can)
denote the set of points in Can of type II or III. By Corollary 5.1 in loc.cit.,
H0(C
an) = lim
−→
V
Σ(Can,V).
The limit in the above equation is taken over the family of semistable vertex
sets V in Can. As each of the Σ(Can,V) are metric spaces and the inclusions in
the inductive limit are isometries, we have a metric on the space H0(C
an) which
is called its skeletal metric. By Corollary 5.7 in [BPR], this metric extends in a
unique way to the space H(Can) := Can r C(k).
2.2.3. The tangent space at a point on Can. Let C be a smooth projective irre-
ducible k-curve. We begin with the notion of a geodesic segment in a metric space
T .
Definition 2.11. A geodesic segment from x to y in a metric space T is the image
of an isometric embedding [a, b]→ T with [a, b] ⊂ R and a 7→ x, b 7→ y. We often
identify a geodesic segment with its image in T and denote it [x, y].
Let p ∈ H(Can). A non trivial geodesic segment starting at p is a geodesic
segment α : [0, a] →֒ H(Can) such that a > 0 and α(0) = p. We say that two
non trivial geodesic segments starting from p are equivalent at p if they agree in a
neighborhood of zero. If α is a geodesic segment starting at the point p then we
refer to the equivalence class defined by α as its germ. These notions can be adapted
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to the case p ∈ C(k) as follows. A non trivial geodesic segment starting at p is an
embedding α : [∞, a] →֒ Can such that a < ∞, α(∞) = p, α((∞, a]) ⊂ H(Can)
and the restriction α|(∞,a] is an isometry. As before, we say that two non trivial
geodesic segments starting from p are equivalent at p if they agree in a neighborhood
of ∞ and if α is a geodesic segment starting at the point p then we refer to the
equivalence class defined by α as its germ. We now define the tangent space at a
point Can.
Definition 2.12. Let x ∈ Can. The tangent space at x denoted Tx is the set of
non trivial geodesic segments starting from x upto equivalence at x.
Let x ∈ Can. The tangent space at x depends solely on a neighborhood of
x. Following Sections 4 and 5 of [BPR], we introduce the concept of a simple
neighborhood U of x and state the result which relates the tangent space Tx to
π0(U r x).
Proposition 2.13. ([BPR], Corollary 4.27) Let C be a smooth projective irre-
ducible k-curve. Let x ∈ Can. There is a fundamental system of open neighborhoods
{Uα} of x of the following form:
(1) If x is a type-I or a type-IV point then the Uα are open balls.
(2) If x is a type-III point then the Uα are open annuli with x ∈ Σ(Uα).
(3) If x is a type-II point then Uα = τ
−1(Wα) where Wα is a simply-connected
open neighborhood of x in Σ(Can,V) for some semistable vertex set V of
Can that contains x and τ : Can → Can is defined by x 7→ λΣ(Can,V)(1, x)
(Proposition 2.21). Each Uα r {x} is a disjoint union of open balls and
open annuli
Definition 2.14 ([BPR], Definition 4.28). Let C be a smooth projective irreducible
k-curve. A neighborhood of x ∈ Can of the form described in Proposition 2.13 is
called a simple neighborhood of x.
The following proposition is a minor modification of Lemma 5.12 of [BPR] to
include points of type I as well.
Proposition 2.15. Let x ∈ Can and let U be a simple neighborhood of x in Can.
Then [x, y] 7→ y establishes a bijection Tx → π0(U r {x}). Moreover,
(1) If x is of type I, IV then there is only one tangent direction at x.
(2) If x has type III then there are two tangent directions at x.
(3) If x has type II then U = red−1(E) for a smooth irreducible component E
of the special fiber of a semistable formal model C of C by (cf. 4.29 loc.cit.)
and Tx→˜π0(U r {x})→˜E(k˜).
Remark 2.16. It should be pointed out that the notation [x, y] was introduced only
when x, y ∈ H(Can). When x ∈ Can is a point of type I and α : [∞, a] →֒ Can is a
geodesic segment starting from x, by [x, α(a)] we mean the image of the embedding
α([∞, a]).
Let ρ : C′ → C be a finite morphism between smooth projective k-curves. If
x′ ∈ C′an then the tangent space at x′ maps to the tangent space at ρ(x′) in
an obvious fashion. Suppose x was not of type I. Let λ : [0, 1] → C′an be a
representative of a point on the tangent space at x′. Let U be a simple neighborhood
(cf. Definition 2.14) of the point ρ(x′). We can find a > 0 such that ρ ◦ λ((0, a])
lies in a connected component of the space U r ρ(x′). This connected component
which contains ρ ◦ λ((0, a]) depends only on the equivalence class of λ i.e. on the
element of the tangent space that is represented by λ. A similar argument can be
used when x′ ∈ C′(k). By 2.15, we have thus defined a map
dρx′ :Tx′ → Tρ(x′)
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2.3. Weak semistable vertex sets. Let C be a smooth projective irreducible
k-curve and let V be a semistable vertex set in Can. Recall that we defined the
skeleton associated to V and denoted it Σ(Can,V). Observe that by construction,
the connected components of the space CanrΣ(Can,V) are isomorphic to Berkovich
open balls. If C was not smooth or not complete then there does not exist a finite
set of type II points V ⊂ Can such that Can decomposes into the disjoint union of
general open annuli and general open disks. However, we can find a finite set of
points V in Can and as before define a finite graph Σ(Can,V) such that the space
Can r Σ(Can,V) is the disjoint union of general open disks. It is with this goal in
mind that we introduce the notion of weak semistable vertex sets, first for smooth
projective irreducible curves and then for any k-curve.
Definition 2.17. Let C be a smooth projective irreducible k-curve. A weak
semistable vertex set W in Can is defined to be a finite collection of points of type
I or II in Can such that if C denotes the set of connected components of Can rW
then there exists a finite subset S ⊂ C such that every A ∈ S is isomorphic to a
standard open annulus or a standard punctured Berkovich open unit disk and every
A ∈ C r S is isomorphic to a standard Berkovich open unit disk.
As before, we define the skeleton Σ(Can,W) associated to such a set. Let
Σ(Can,W) be the union of W and the skeleton of every open annulus and punc-
tured open disk in the decomposition of Can rW. The closed subspace Σ(Can,W)
is homeomorphic to a connected, finite metric graph whose length function is not
necessarily finite by which we mean that there could be edges of length ∞.
We generalise this notion of weak semistable vertex sets to the case of curves
over k.
Remark 2.18. Let C be a k-curve. Let j : C →֒ C¯ be a dense open immersion
where C¯ is projective over k. The pair (j, C¯) is called a compactification of C/k.
Let F := C¯ rC. We know that F is a finite set of points and Can = C¯an r F . Let
C¯i denote the irreducible components of C¯ and C¯′i denote their respective normal-
isations. The canonical morphisms C¯′i → C¯ define a morphism ρC¯ :
⋃
i C¯
′
i → C¯.
We make use of the notation introduced in Remark 2.18 in the definition that
follows.
Definition 2.19. Let C be a k-curve. Let C¯ be a compactification of C. A weak
semistable vertex set W for Can is a finite collection of points of type I or II, in
C¯an such that
(1) The set W contains the set of singular points of C¯ and the points C¯ r C.
(2) ρ−1
C¯
(W) ∩ C¯′i is a weak semistable vertex set of the irreducible smooth
projective curve C¯′i.
As the above definition requires a compactification j : C →֒ C¯, we should have
said a weak semistable set for the pair (Can, j : C →֒ C¯). However, we abbreviate
notation and refer to a set W which satisfies the conditions of the above definition,
simply as a weak semistable vertex set for Can.
As before, we define the skeleton associated to a weak semistable vertex set for
Can as follows.
Definition 2.20. Let C be a k-curve and C¯ be a compactification of C/k. Let W
be a weak semistable vertex set for Can. Let W′i := ρ
−1
C¯
(W) ∩ C¯′ani . We define the
skeleton associated to W to be Σ(Can,W) := [
⋃
i ρC¯(Σ(W
′
i, C¯
′an
i ))] ∩ C
an.
It can be verified directly from the definition of the skeleta Σ(Can,W) associated
to W that the space Can r Σ(Can,W) decomposes into the disjoint union of sets
each of which are isomorphic as analytic spaces to the Berkovich open disk O(0, 1).
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Proposition 2.21. Let C be a k-curve. Let V ⊂W be weak semistable vertex sets
of Can. There exists a deformation retraction λΣ(Can,V) : [0, 1]×C
an → Can whose
image is the skeleton Σ(Can,V) and a deformation retraction λWΣ(Can,V) with image
Σ(Can,W). (The image of a deformation retraction λ : [0, 1] × Can → Can is the
set λ(1, Can) := {λ(1, p)|p ∈ Can}).
Proof. We begin by constructing a deformation retraction λΣ(Can,V) : [0, 1]×C
an →
Can with image λΣ(Can,V)(1, C
an) = Σ(Can,V).
Let D denote the set of connected components of the space CanrΣ(Can,V). By
definition, each element D ∈ D is isomorphic to the Berkovich open ball O(0, 1).
We fix isomorphisms ρD : D → O(0, 1) for every D ∈ D.
We define λΣ(Can,V) : [0, 1]× C
an → Can as follows. For p ∈ Σ(Can,V), we set
λΣ(Can,V)(t, p) := p for every t ∈ [0, 1]. Let p ∈ C
an r Σ(Can,V). There exists
D ∈ D such that p ∈ D. Suppose, p was not a type IV point. By 2.1.1, there
exists a ∈ k and r ∈ [0, 1) such that ρD(p) = ηa,r. When r = 0, we maintain that
ηa,r is the point a. For t ∈ [0, r], we set λΣ(Can,V)(t, p) := p and when t ∈ (r, 1),
let λΣ(Can,V)(t, p) := ρ
−1
D (ηa,t). Lastly, let λΣ(Can,V)(1, p) := D¯ ∩ Σ(C
an,V) where
D¯ is the closure of D in Can. When p is of type IV, ρD(p) corresponds to the
semi-norm associated to a nested sequence of closed disks {B(xi, ui) ⊂ k}i whose
intersection is empty. Let u := limi(ui). For any t > u, there exists a unique closed
disk B(x, t) such that its analytification B(x, t) contains the point ρD(p). We set
λΣ(Can,V)(t, p) := p when t ∈ [0, u] and λΣ(Can,V)(t, p) := ρ
−1
D (ηx,t) for t ∈ (u, 1)
where B(x, t) ⊂ O(0, 1) is the unique Berkovich closed disk of radius t that contains
the point ρD(p). As before, let λΣ(Can,V)(1, p) := D¯ ∩Σ(C
an,V).
The function λΣ(Can,V) : [0, 1]× C
an → Can is well defined and the only points
p in Can such that λΣ(Can,V)(t, p) = p for every t ∈ [0, 1] are those points which
belong to Σ(Can,V). Furthermore, λΣ(Can,V)(1, C
an) = Σ(Can,V). We show that
λΣ(Can,V) is continuous when [0, 1]×C
an is endowed with the product topology. Let
W ⊂ Can be a connected open set. If W is disjoint from Σ(Can,V) then it must be
contained in some D ∈ D and λ−1(W ) does not intersect {1}×Can ⊂ [0, 1]×Can.
We show that λ−1Σ(Can,V)(W ) is open in [0, 1] × C
an. As λΣ(Can,V)([0, 1) × D) ⊆
D, the map λΣ(Can,V)|[0,1)×D defines a map λ
′ : [0, 1) × O(0, 1) → O(0, 1) given
by λ′(t, x) := ρD(λΣ(Can,V)(t, ρ
−1
D (x))) for t ∈ [0, 1) and x ∈ O(0, 1). We need
only check that (λ′D)
−1(ρD(W )) is open in O(0, 1). This can be verified using the
explicit description of connected open sets in O(0, 1) provided by Lemma 2.32. Let
W be a connected open set which intersects Σ(Can,V) in an open set W ′. Let
D′ := {D ∈ D|D¯ ∩ Σ(Can,V) ⊂ W ′}. The semistable decomposition of Can and
the connectedness of W imply that it must be contained in
⋃
D∈D′ D∪W
′. We can
decompose W as the disjoint union
⋃
D∈D′(W ∩D)
⋃
W ′. The set λ−1Σ(Can,V)(W ∩
D) is open in [0, 1] × Can for every D ∈ D′. By construction λ−1Σ(Can,V)(W
′) =
([0, 1] × W ′) ∪ ({1} × (
⋃
D∈D′ D)). We show that every point in λ
−1
Σ(Can,V)(W
′)
has an open neighbourhood contained in λ−1Σ(Can,V)(W ). It can be verified that
[0, 1]×W ⊂ λ−1Σ(Can,V)(W ). Observe that the set [0, 1]×W ⊂ λ
−1
Σ(Can,V)(W ) forms
an open neighborhood of every point in [0, 1]×W ′. It remains to show that every
point in {1} × (
⋃
D∈D′ D) has an open neighbourhood contained in λ
−1
Σ(Can,V)(W ).
Let x ∈ D for some D ∈ D′. As W is connected and W is an open neighborhood
of D r D, we must have that W ∩ D is connected as well. By Remark 2.31, we
can reduce to the case when W ∩ D is the complement in D of the union of a
finite number of Berkovich closed disks and points of types I and IV. It follows that
there exists rD such that (rD, 1] × D ⊂ λ
−1
Σ(Can,V)(W ). The set (rD, 1] × D is an
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open neighborhood of (1, x) contained in λ−1Σ(Can,V)(W ). We have thus proved that
λΣ(Can,V) : [0, 1]× C
an → Can is continuous and hence a deformation retraction.
We now prove the second part of the proposition. We define a deformation retrac-
tion λWΣ(Can,V) : [0, 1]× C
an → Can with image Σ(Can,W) as follows. For p ∈ Can,
let sp ∈ [0, 1] be the smallest real number such that λΣ(Can,V)(sp, p) ∈ Σ(C
an,W).
We define λWΣ(Can,V) as follows. For p ∈ C
an, λWΣ(Can,V)(t, p) := λΣ(Can,V)(t, p) when
t ∈ [0, sp] and λWΣ(Can,V)(t, p) := λΣ(Can,V)(sp, p) when t ∈ (sp, 1]. Using arguments
as before, it can be checked that λWΣ(Can,V) is indeed a deformation retraction with
image Σ(Can,W). 
Remark 2.22. Recall that if C is a smooth projective k-curve then the space
H(C) := CanrC(k) is a metric space. We can hence define isometries α : [a, b] →֒
H(C) where [a, b] ⊂ R. This fact can be generalized to any k-curve. Let C be
a k-curve. By Remark 2.18, there exists a finite set of smooth projective curves
{C¯′i} such that
⋃
iH((C¯
′
i)
an) = H(Can) := Can r C(k). We say that a continuous
function α : [a, b] →֒ H(Can) is an isometry if α([a, b]) ⊂ H((C¯′i)
an) for some i and
α : [a, b] →֒ H((C¯′i)
an) is an isometry.
Let the notation be as in Proposition 2.21. For p ∈ Can, let (λWΣ(Can,V))
p : [0, 1]→
Can be the path defined by t 7→ λWΣ(Can,V)(t, p). Observe that the deformation
retraction λWΣ(Can,V) is such that if a, b ∈ [0, 1] and p ∈ H(C
an) then there exists
a1 < b1 ∈ [a, b] such that (λWΣ(Can,V))
p is constant on the segments [a, a1] and [b1, b]
and (λWΣ(Can,V))
p ◦ −exp : [−log(a1),−log(b1)]→ H(Can) is an isometry.
Definition 2.23. Let C be a k-curve. Let V ⊂W be weak semistable vertex sets.
Let λ : [0, 1]× Can → Can be a deformation retraction with image Σ(Can,V). For
p ∈ Can, let sp ∈ [0, 1] be the smallest real number such that λ(sp, p) ∈ Σ(Can,W).
A deformation retraction λ′ : [0, 1]× Can → Can is said to extend the deformation
retraction λ if for p ∈ Can, λ′(t, p) = λ(t, p) when t ∈ [0, sp] and λ′(t, p) = λ(sp, p)
when t ∈ (sp, 1].
Remark 2.24. In the proof of Proposition 2.21, we constructed deformation retrac-
tions λΣ(Can,V) and λ
W
Σ(Can,V). Observe that λ
W
Σ(Can,V) is an extension of λΣ(Can,V)
by W.
As outlined in the introduction, we show that given a weak semistable vertex set
W of a complete curve C, the genus of the finite graph Σ(Can,W) is an invariant
of the curve.
Proposition 2.25. Let C be a complete k-curve and W be a weak semistable
vertex set in Can. Let Υ ⊂ Can be a closed subset that does not contain any points
of type IV and is a finite graph. Suppose that there exists a deformation retraction
λ : [0, 1]× Can → Can with image λ(1, Can) = Υ. We have that
g(Σ(Can,W)) = g(Υ).
Proof. Let ψ : [0, 1]× Can → Can be the deformation retraction associated to the
set W with image Σ(Can,W) as constructed in Proposition 2.21. As the graph Υ
is finite and does not contain any points of type IV, we can find a weak semistable
vertex setW′ such that Σ(Can,W′) contains Υ. We can chooseW′ so thatW ⊂W′.
The restriction λ : [0, 1] × Σ(Can,W′) → Can implies that Σ(Can,W′) and Υ are
homotopy equivalent. It follows that Σ(Can,W) is homotopic to Υ as λΣ(Can,W) :
[0, 1] × Σ(Can,W′) → Σ(Can,W′) is a deformation retraction onto Σ(Can,W).
Hence g(Σ(Can,W)) = g(Υ). 
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Definition 2.26. Let C be a k-curve and C¯ be a compactification of C. Let f
denote the cardinality of the finite set of points C¯(k)rC(k). We define gan(C) to be
g(Σ(C¯an,W))+ f where Σ(C¯an,W) is the skeleton associated to a weak semistable
vertex set W for Can.
It can be checked easily that this definition does not depend on the compactifi-
cation of C chosen. Proposition 2.25 implies that gan(C) is a well defined invariant
of the k-curve C. We end this section with the following proposition concerning
finite graphs.
Proposition 2.27. Let φ : C′ → C be a finite morphism of smooth projective
irreducible curves. Let H ⊂ Can be a finite graph which does not contain any points
of type IV. We then have that (φan)−1(H) is a finite graph.
Proof. We may suppose at the outset that the graph H is connected. We show
that we may reduce to the case when the extension of function fields k(C) →֒ k(C′)
induced by φ is Galois. The extension of function fields k(C) →֒ k(C′) decomposes
into a pair of extensions k(C) →֒ L which is separable and L →֒ k(C′) which is
purely inseparable. Let C1 denote the smooth projective irreducible curve that
corresponds to the function field L. The morphisms C′ → C1 and C′an → Can1 are
homeomorphisms. It follows that if the preimage of H for the morphism Can1 → C
an
is a finite graph then (φan)−1(H) is a finite graph as well. We may hence suppose
that k(C) →֒ k(C′) is separable. Let L′ denote the Galois closure of the extension
k(C) →֒ k(C′) and C′′ be the smooth projective irreducible curve that corresponds
to the function field L′. We have a sequence of morphisms C′′ → C′ → C. Let
ψ : C′′ → C′. If the preimage H ′′ of H for the morphism C′′an → Can is a finite
graph then its image ψan(H ′′) = (φan)−1(H) for the morphism ψan : C′′an → C′an
is a finite graph. Indeed, the group G′ := Gal(k(C′′)/k(C′)) acts on H ′′. The graph
H ′′ is defined by combinatorial data i.e. a finite set of vertices W ⊂ C′′an and a
set of edges E ⊂ W ×W which can be realized as subspaces of C′′an. The group
G′ must act on the sets W and E. It follows that the quotient of H ′′ for the action
of the group G′ can be described in terms of the G′-orbits in W and E. Hence
ψan(H ′′) is a finite graph. We have thus reduced to the case when the morphism
φ : C′ → C is Galois.
Let W be a semistable vertex set in C′an. Let V be a weak semistable vertex set
in Can that contains φan(W) and is such that Σ(Can,V) contains the finite graph
H . We may suppose in addition that V was chosen so that the graph Σ(Can,V)
contains no loop edges. It suffices to prove the lemma for H = Σ(Can,V). We
show that there exists a finite graph H ′ ⊂ C′an such that φan(H ′) = H . Let C
denote the connected components of the space CanrV. As V is a weak semistable
vertex set, there exists a finite set S ⊂ C such that every A ∈ S is isomorphic to a
standard Berkovich punctured open disk of unit radius or a standard open annulus
and if A ∈ CrS then A is isomorphic to a standard Berkovich open disk. Likewise,
let C′ denote the set of connected components of the space C′an rW. As W is
a semistable vertex set, there exists a finite set S′ ⊂ C′ such that every A ∈ S′ is
isomorphic to a standard open annulus and if A ∈ C′ r S′ then A is isomorphic to
a standard Berkovich open disk.
LetV′ := (φan)−1(V). The morphism φan is surjective, open and closed (cf. 6.1).
It follows that the restriction of φan to C′an rV′ is a surjective clopen morphism
onto Can rV. Hence if D′ is a connected component of the space C′an rV′ then
there exists a connected component D of the space Can rV such that φan restricts
to a surjective morphism from D′ onto D. Let D be a connected component of
the space Can rV which is not a general Berkovich open ball. We show that if D′
is a connected component of the space C′an rV′ such that φan(D′) = D then D′
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cannot be a general Berkovich open ball. Suppose that D′ was a general Berkovich
open ball. There exists a point q ∈ C′an such that D′ ∪ {q} is compact. It follows
that D ∪ φan(q) is compact. The only elements in C for which this is possible are
general Berkovich open disks which contradicts our assumption.
Let D ∈ C be a punctured open disk or open annulus. Let D′ be a connected
component in C′an rV′ such that φan(D′) = D. There exists a finite set of points
PD′ such that D
′ r PD′ is the disjoint union of general Berkovich open disks and
finitely many general open annuli or punctured Berkovich disks. Let C′D′ denote the
connected components of D′ r PD′ . Let O be a Berkovich open disk in D
′ r PD′ .
The image φan(O) is a connected open subset of D for which there exists p ∈ D such
that φan(O) ∪ {p} is compact. It follows from Lemma 2.32 that φan(O) must be a
Berkovich open disk D and hence lies in the complement of the skeleton Σ(D). Let
SD′ be the set of open annuli or punctured open disks in C′D′ . The set SD′ is finite.
If A ∈ SD′ then by Proposition 2.5 in [BPR], we must have that φan(Σ(A)) ⊂ Σ(D).
We showed that if O ∈ C′D′ rSD′ then φ
an(O) ⊂ DrΣ(D). It follows that Σ(D)r⋃
A∈SD′
φan(Σ(A)) is at most a finite set of points. Let Σ(D′) :=
⋃
A∈SD′
Σ(A)∪PD′ .
The set Σ(D′) is a closed connected subset of D′. As φan restricted to D′ is closed,
its image φan(Σ(D′)) = {φan(p)|p ∈ PD′}∪
⋃
A∈SD′
φan(Σ(A)) is a closed connected
subset of D. Hence {φan(p)|p ∈ PD′} ⊂ Σ(D) and φ
an(Σ(D′)) = Σ(D).
For every D ∈ S, let D′D be a connected component of C
′an r V′ such that
φan(D′D) = D. We showed that there exists Σ(D
′
D) ⊂ D
′
D such that φ
an(Σ(D′D)) =
Σ(D). If H ′0 :=
⋃
D∈S Σ(D
′
D) then H
′ := H ′0 ∪V
′ is a finite graph. We must have
that φan(H ′) = H . Let G := Gal(k(C′)/k(C)). The set
⋃
g∈G g(H
′) is a finite
graph and since the morphism C′ → C is Galois, we must have that (φan)−1(H) =⋃
g∈G g(H
′).

2.4. The Non-Archimedean Poincare´-Lelong Theorem. The non-Archimedean
Poincare´-Lelong theorem is used in Sections 6.3 and 6.4. Our treatment follows that
of [BPR].
Let C be a smooth projective irreducible k-curve. Let x ∈ Can be a point of
type II. The field H˜(x) (cf. 2.1) is an algebraic function field over k˜. Let C˜x denote
the smooth projective k˜-curve that corresponds to the field H˜(x). Let Prin(C)
and Prin(C˜x) denote the group of principal divisors on the curves C/k and C˜x/k˜
respectively. We define a map Prin(C) → Prin(C˜x) as follows. Let f ∈ k(C) be
a rational function on C and c be any element in k such that |f(x)| = |c|. This
implies that (c−1f) ∈ H(x)0. Let fx denote the image of c−1f in H˜(x). Although
fx ∈ H˜(x) depends on the choice of c ∈ k, the divisor that fx defines on C˜x is
independent of c. Hence we have a well defined map Prin(C) → Prin(C˜x). It can
be shown that this map is a homomorphism of groups.
A function F : Can → R is piecewise affine if for any geodesic segment λ : [a, b]→
H(Can), the composition F ◦ λ : [a, b] → R is piecewise affine. The outgoing slope
of a piecewise affine function F at a point x ∈ H(Can) along a tangent direction
v ∈ Tx is defined to be
δvF (x) := Limǫ→0(F ◦ λ)
′(ǫ).
where λ : [0, a] →֒ H(Can) is a representative of the element v. It is evident from
the definition that δvF (x) depends only on the equivalence class of λ i.e. it depends
only on the element v ∈ Tx.
Theorem 2.28. (Non-Archimedean Poincare´-Lelong Theorem) Let f ∈ k(C) be a
non-zero rational function on the curve C and S denote the set of zeros and poles
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of f . Let W be a weak semistable vertex set whose set of k-points is the set S. Let
Σ(Can,W) be the skeleton associated to W and λΣ(Can,W) : [0, 1] × C
an → Can be
the deformation retraction with image Σ(Can,W). We will use λe to denote the
morphism λΣ(Can,W)(1, ) : C
an → Can (cf. Proposition 2.21). If F := −log|f | :
Can r S → R. Then we have that
(1) F = F ◦ λe.
(2) F is piecewise affine with integer slopes and F is affine on each edge of
Σ(Can,W).
(3) If x is a type II point of Can and v is an element of the tangent space Tx,
then ordv˜(fx) := δvF (x) defines a discrete valuation ordv˜ on the k˜-function
field k˜(C˜x).
(4) If x ∈ Can is of type II or III then
∑
v∈Tx
δvF (x) = 0.
(5) Let x ∈ S, c be the ray in Σ(Can,W) whose closure in Can contains x and
y ∈ W the other end point of e. If v ∈ Ty is that element of the tangent
space Ty for which c is a representative then δvF (y) = ordx(f).
2.4.1. An alternate description of the tangent space at a point x of type II. Let
x ∈ Can be a point of type II. We define the algebraic tangent space at a point of
type II and show how this notion reconciles nicely with the definition we introduced
above. Recall that the field H˜(x) is of transcendence degree 1 over k˜ and uniquely
associated to this k˜-function field is a smooth, projective k˜-curve which is denoted
C˜x.
Definition 2.29. The algebraic tangent space at x denoted T algx is the set of closed
points of the curve C˜x.
We now write out a map B : Tx → T algx . The closed points of the k˜-curve C˜x
correspond to discrete valuations on the field H˜(x). Given a germ ex ∈ Tx and
f ∈ H˜(x) there exists g ∈ H(x) such that |g(x)| = 1 and g˜ = f . Let B(ex)(f)
be the slope of the function −log|g| along the germ ex directed outwards. By the
Non-Archimedean Poincare´-Lelong Theorem, B(ex) defines a discrete valuation on
the function field H˜(x) i.e. a closed point of the curve C˜x. The map B is a well
defined bijection.
Let C′ be a smooth, projective, irreducible curve over the field k and ρ : C′ → C
a finite morphism. If x′ is a preimage of the point x then it must be of type II
as well. The inclusion of non-Archimedean valued complete fields H(x) →֒ H(x′)
induces an extension of k˜-function fields H˜(x) →֒ H˜(x′). This defines a morphism
dρalgx′ : T
alg
x′ → T
alg
x between the algebraic tangent space at x
′ and the algebraic
tangent space at x. Recall that we have in addition a map dρx′ : Tx′ → Tx. These
maps are compatible in the sense that the following diagram is commutative.
T algx′ T
alg
x
Tx′ Tx
❄ ❄
✲
✲
dρalgx′
dρx′
B B
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2.5. Continuity of lifts. Let φ : C′ → C be a finite morphism between irreducible
smooth projective curves. In Section 3, we construct a pair of deformation retrac-
tions λ′ : [0, 1]× C′an → C′an and λ : [0, 1]× Can → Can which are compatible for
the morphism φan. Our method of proof is to first construct a suitable deformation
retraction λ on Can and then lift it to a function λ′ : [0, 1]×C′an → C′an such that
for every q ∈ C′an, the map λ′q : [0, 1]→ C′an defined by setting λ′q(t) = λ′(t, q) is
continuous. Our goal in this section is to show that given a deformation retraction
λ and a lift λ′ as above, the function λ′ is continuous.
Lemma 2.30. Let φ : C′ → C be a finite morphism between k-curves and sup-
pose in addition that C is normal. Let V ⊂ Can be a weak semistable vertex set
and suppose V′ is a weak semistable vertex set for C′an such that Σ(C′an,V′) =
(φan)−1(Σ(Can,V)). Let D denote the set of connected components of the space
Can r Σ(Can,V) and likewise, D′ denote the set of connected components of the
space C′anrΣ(C′an,V′). If D′ ∈ D′ then there exists D ∈ D such that φan(D′) = D.
Furthermore, the restriction φan|D′ : D
′ → D is both closed and open.
Proof. Let D′ ∈ D′. As D′ is connected and φan is continuous, we must have
that φan(D′) is connected. Furthermore, φan(D′) ⊂ Can r Σ(Can,V) because
Σ(C′an,V′) = (φan)−1(Σ(Can,V)). The open subspace Can r Σ(Can,V) decom-
poses into the disjoint union
⋃
A∈D A. It follows that there exists D ∈ D such that
φan(D′) ⊂ D.
Let A′ be a connected component of the space (φan)−1(D) that contains D′. As
A′ ⊂ C′an rΣ(W, C′an) and C′an rΣ(W, C′an) decomposes into the disjoint union⋃
U∈D′ U , we must have that D
′ = A′. The morphism φan is a finite morphism and
hence closed. By Lemma 6.1, it is open as well. It follows that φan restricts to a
morphism D′ → D which is both open and closed. As D is connected, we must
have that φan(D′) = D. 
Remark 2.31. Recall that for a ∈ k such that |a| < 1 and r < 1, we used O(a, r)
to denote the Berkovich open disk around a of radius r and B(a, r) to denote the
Berkovich closed disk around a of radius r. By Proposition 1.6 in [Ba], a basis B
for the open sets of O(0, 1) is given by the sets
O(a, r), O(a, r) r
⋃
i∈I
Xi, O(0, 1)r
⋃
i∈I
Xi
where I ranges over finite index sets, a ranges over O(0, 1), where r ∈ (0, 1) and
Xi is either a Berkovich closed sub disk of the form B(ai, ri) with ai ∈ O(0, 1)
and ri ∈ [0, 1) or a point of type I or IV. We classify the elements of this basis by
referring to Berkovich open sub disks as sets of form 1, Berkovich open disks from
which a finite number of closed disks have been removed as sets of form 2 and the
complement of the union of a finite number of closed sub disks as sets of form 3.
Lemma 2.32. Let U ⊂ O(0, 1) be a connected open set. Then U is of the form
O(a, r) r
⋃
j∈J Xj where a ∈ O(0, 1), r ∈ (0, 1], J is an index set and the Xj are
Berkovich closed disks or points of type I or IV. In addition, the Xj can be taken
to be disjoint from each other.
Note that we do not claim every set of the form O(a, r) r
⋃
j∈J Xj is open, as
this is false. For instance the set H(O(0, 1)) := O(0, 1) r O(0, 1) is not open in
O(0, 1) as O(0, 1) is dense in O(0, 1).
Proof. Let x ∈ U be a point of type I. We define rx to be the supremum of the
set {r ∈ [0, 1)|ηx,r ∈ U} where the notation ηx,r was introduced in 2.2.1. We
maintain that ηx,0 := 0. The point ηx,rx either does not belong to O(0, 1) or
belongs to the set U¯ r U where U¯ denotes the closure of U in O(0, 1). Indeed,
A RIEMANN-HURWITZ FORMULA FOR SKELETA IN NON-ARCHIMEDEAN GEOMETRY17
the interval [0, 1) can be identified with the set {ηx,r|r ∈ [0, 1)} by r 7→ ηx,r and
this map is a homeomorphism when [0, 1) is equipped with the linear topology and
{ηx,r|r ∈ [0, 1)} ⊂ O(0, 1) is given the subspace topology. We claim that if x, y ∈ U
are points of type I and if ηx,rx ∈ O(0, 1) then ηx,rx = ηy,ry . Since O(0, 1)r{ηy,ry}
decomposes into the disjoint union of open sets, we must have that U ⊂ O(y, ry).
Hence rx ≤ ry which implies that rx = ry . Furthermore, since x ∈ O(y, ry), we
must have that ηx,rx = ηy,ry . Likewise, it can be shown that if x, y ∈ U are points
of type I and rx = 1 then ry = 1. Let η := ηx,rx where x ∈ U is a point of type I.
Let J := U¯ r {U ∪ η} where U¯ is closure of U in O(0, 1). If x ∈ J is not a
point of type IV then it can be seen as ηa,r for some a ∈ O(0, 1) and r ∈ [0, 1). Let
Xj denote the Berkovich closed disk B(a, r). Let y ∈ B(a, r) be a point of type I.
If y ∈ U then we must have that U ⊂ O(y, r) since O(0, 1) r ηa,r is the disjoint
union of open sets and U is connected. As ry is constant as y varies along the set
of type I points in U , it can be deduced that ry = r and that x = ηy,ry which is
not possible. Hence U ⊂ O(0, 1)rXj .
Let x ∈ U be a point of type I. If j ∈ J then since j 6= η lies in the closure of
U , we must have that j ∈ O(x, rx) and Xj ⊂ O(x, rx). It can be verified using the
results above that U = O(x, rx)r
⋃
j∈J Xj which concludes the proof. 
Lemma 2.33. Let f : O(0, 1)→ O(0, 1) be a surjective, open and closed continuous
function.
(1) If U ∈ B is an open set of form i where i is 1 or 3 then f(U) is of form i
as well. If U ∈ B is of form 2 then f(U) is of form 1 or 2. If we suppose
in addition that f is bijective and U is of form 2 then f(U) is also of form
2.
(2) If Y ⊂ O(0, 1) is a Berkovich closed disk then f(Y ) is a Berkovich closed
disk.
Proof. (1) Let U be a Berkovich open sub ball. We show that f(U) is a
Berkovich open ball. The closure U is a compact subspace of O(0, 1). Ob-
serve that U r U is a single point which we denote p. As f is continuous,
f(U) = f(U) ∪ {f(p)} must be compact as well. As U is connected, f(U)
must be a connected open set as well. By Lemma 2.32, it suffices to verify
which connected open sets in O(0, 1) are such that they can be compact-
ified by adding a single point of O(0, 1). It can be checked by hand that
the only possibility for f(U) is a Berkovich open ball contained in O(0, 1).
Let {D1, . . . , Dm} be a finite number of Berkovich closed disks or points
of types I or IV in O(0, 1) and U := O(0, 1)r (
⋃
iDi). The set U is of form
3 and we show that f(U) is also of form 3. As U is connected, the image
f(U) is a connected open set as well. By Lemma 2.32, f(U) must be of the
form O(a, r)r
⋃
j∈J Xj where a ∈ O(0, 1), r ∈ (0, 1], J is an index set and
the Xj are Berkovich closed disks or points of type I or IV. In addition,
the Xj can be taken to be disjoint. We claim that r = 1. Suppose r < 1.
Then the closure of f(U) in O(0, 1) denoted f(U) is compact. The Di are
Berkovich closed disks or points of types I or IV and hence compact. As
a result, the f(Di) are compact subsets of O(0, 1). The surjectivity of f
implies thatO(0, 1) =
⋃
i f(Di)∪(f(U)) is compact. This is a contradiction
and we must hence have that r = 1. We claim that the index set J is finite.
There exists a finite set of points S := {p1, . . . , pr} in O(0, 1) such that
U ∪ S is closed in O(0, 1). As the map f is closed, f(U ∪ S) is closed in
O(0, 1). Uniquely associated to each j ∈ J is an element xj ∈ O(0, 1) that
lies in the closure of f(U). Hence we must have that the index set J is
finite. This implies that f(U) ∈ B and is of form 3.
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Let U ∈ B be an open set of form 2. As U is contained in a Berkovich
open disk U ′, we must have that its image is a connected open set which
is contained in the Berkovich open disk f(U ′) strictly contained in O(0, 1).
Repeating the arguments above, it can be shown that f(U) ∈ B is of form
either 1 or 2. Suppose that f is bijective and let U = U ′r(
⋃
iDi) where the
Di ⊂ U ′ are Berkovich closed sub disks or points of type I or IV. It follows
that f(U) = f(U ′) r
⋃
i f(Di). As the only connected open subsets of
O(0, 1) which are open balls from which a finite number of closed subspaces
have been removed are of form 2, we conclude that f(U) is of form 2.
(2) Let Y be a closed disk of radius r in O(0, 1). The closed disk Y can be
seen as the union of a family of Berkovich open sub disks in O(0, 1) of
radius r and a point. Hence we can write Y = (
⋃
i∈I Vi) ∪ {q} where I
is an index set, the Vi are Berkovich open disks of radius r and q is the
unique point such that for every i, Vi ∪ {q} is compact. It follows that
f(Vi ∪ {q}) = f(Vi) ∪ f(q) is a compact set. Let Ui := f(Vi) and p = f(q).
By part (1), the Ui are Berkovich open balls contained in O(0, 1). The
point p of O(0, 1) such that Ui ∪ {p} is compact is uniquely determined by
Ui. Furthermore, this point p determines the radius of the Berkovich open
ball Ui. It follows that the radii of the Berkovich open balls Ui are the
same. Let t be the radius of Berkovich open balls Ui. Let X denote the
Berkovich closed ball corresponding to the point p. The radius of X is t.
The tangent space at p is in bijection with the set of Berkovich open balls
of radius t contained in X and the open annulus O(0, 1)rX . Likewise, the
tangent space at q is the set of Berkovich open balls Vi of radius r contained
in Y and the open annulus O(0, 1) r Y . The tangent space at q surjects
onto the tangent space at p. Furthermore, for every i ∈ I, the image Ui of
the Berkovich open ball Vi is a Berkovich open ball of radius t contained in
X . Hence if U ⊂ X is a Berkovich open disk of radius t then there exists
j ∈ I such that f(Vj) = U . It follows that f(Y ) = X .

Lemma 2.34. Let a ∈ k and r be a positive real number belonging to |k∗|. Let
B(a, r) denote the Berkovich closed disk around a of radius r and let σ : B(a, r)→
B(a, r) be an automorphism of analytic spaces. SupposeW ⊂ B(a, r) is a Berkovich
open disk of radius 0 < s < r then σ(W ) is a Berkovich open disk of radius s.
Likewise, if W is a Berkovich closed disk of radius 0 ≤ s < r then σ(W ) is a
Berkovich closed disk of radius s.
Proof. As r ∈ |k∗|, we can suppose that r = 1, a = 0. We choose coordinates
and write B(0, 1) = M(k{T }). The automorphism σ induces an automorphism
σ′ : k{T } → k{T } of affinoid algebras. By the Weierstrass preparation theorem,
we must have that σ′(T ) = f(T )u where f(T ) = c(T−a1)(T−ar) is a polynomial in
T with c ∈ k∗ and u is an invertible element in k{T }. As σ′ is an automorphism, we
must have that |c| = 1 and that f(T ) is of degree 1. It follows that f(T ) = c(T − b)
for some b ∈ B(0, 1). We now show that if W is a Berkovich open sub ball around
a point x ∈ B(0, 1) of radius s then σ(W ) is a Berkovich open ball around σ(x)
of radius s. By definition, W = {p ∈ B(0, 1)||(T − x)(p)| < s}. It follows that
σ(W ) = {q ∈ B(0, 1)||(1/(cu)T )− (x− b)|< s}. As |cu| = 1, it can be checked that
the claim has been verified. The proof can be repeated when W is the closed disk
{p ∈ B(0, 1)||(T − x)(p)| ≤ s}. 
We make use of the following notation in the statements that follow. Let φ :
C′ → C be a finite morphism between smooth projective curves. Let W′,W be
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weak semistable vertex sets for C′an and Can respectively such that Σ(C′an,W′) =
(φan)−1(Σ(Can,W)). Let D′ denote the set of connected components of the space
C′an r Σ(C′an,W′). If D′ ∈ D′ then D′ is isomorphic to the Berkovich unit ball
O(0, 1) and we identify D′ via this isomorphism. Likewise, let D denote the set of
connected components of the space Can r Σ(Can,W).
Lemma 2.35. Let φ : C′ → C be a finite morphism between irreducible projective
smooth k-curves. Let V ⊂ W be weak semistable vertex sets of Can. Let W′ ⊂
C′an be a weak semistable vertex set such that Σ(C′an,W′) = (φan)−1(Σ(Can,W)).
Let λWΣ(Can,V) : [0, 1] × C
an → Can be the deformation retraction constructed in
Proposition 2.21 whose image is Σ(Can,W). Let λ′ : [0, 1] × C′an → C′an be a
function such that for every q ∈ C′an, the path λ′q : [0, 1] → C′an defined by
t 7→ λ′(t, q) is continuous and λ′q(1) ∈ Σ(C′an,W′). Furthermore, if φan(q) = p
then λ′q is the unique path starting from q such that φan ◦ λ′q = (λWΣ(Can,V))
p. Let
D′ ∈ D′ and x1, x2 ∈ D′. There exists r ∈ [0, 1] such that λ′x1(r), λ′x2 (r) ∈ D′ and
λ′x1|[r,1] = λ
′x2
|[r,1].
We simplify notation and write λ in place of λWΣ(Can,V).
Proof. Recall that when constructing the deformation retraction λ, we identified
every D ∈ D with the standard Berkovich open unit disk. Let D′ be as in the
statement of the lemma. By Lemma 2.30, there exists D ∈ D such that φan(D′) =
D. If D is the closure of D in Can then DrD is a single point η. By construction
of the deformation retraction λ there exists s ∈ [0, 1] such that for every y ∈ D,
λ(s, y) = η and the restriction [0, s) × D → D given by (t, x) 7→ λ(t, x) is well
defined. We must hence have that the restriction λ′ : [0, s) × D′ → D′ is well
defined. If D′ is the closure of D′ in C′an then D′ r D′ is a single point η′.
Furthermore, for every x ∈ D′, λ′(s, x) = η′. If U ′ is a simple neighborhood of the
point η′ then the tangent space Tη′ is in bijection with the connected components of
the space U ′ r η′. The set D′ corresponds to a single element of the tangent space
at η′. It follows that for some r ∈ [0, s), λ′x1(r) ∈ D′ ∩ λ′x2([0, s]). Let q := λ′x1(r)
and p := φan(q). By construction of the deformation retraction λ, λ(t, p) = p for
every t ∈ [0, r]. Also, the deformation λ satisfies the following property. For every
a < b ∈ [0, 1] and y ∈ Can, λ(b, (λ(a, y)) = λ(b, y). It follows that λ′q|[r,1], λ
′x1
|[r,1] and
λ′x2|[r,1] are all lifts of the path λ
p
|[r,1]. As the lift of the path starting from p is unique,
we must have that λ′q[r,1] = λ
′x1
[r,1] = λ
′x2
[r,1]. 
Proposition 2.36. Let φ : C′ → C be a finite morphism between irreducible pro-
jective smooth k-curves. Assume in addition that the extension of function fields
k(C) →֒ k(C′) is a finite Galois extension and let G := Gal(k(C′)/k(C)). Let V ⊂
W be weak semistable vertex sets of Can. Let W′ ⊂ C′an be a weak semistable vertex
set such that Σ(C′an,W′) = (φan)−1(Σ(Can,W)). Let λWΣ(Can,V) : [0, 1]×C
an → Can
be the deformation retraction as constructed in Proposition 2.21 whose image is
Σ(Can,W). Let λ′ : [0, 1]×C′an → C′an be a function such that for every q ∈ C′an,
the path λ′
q
: [0, 1] → C′an defined by t 7→ λ′(t, q) is continuous and also that the
following diagram commutes.
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[0, 1]× Can Can
[0, 1]× C′an C′an
❄ ❄
✲
✲
λWΣ(V,Can)
λ′
id× φan φan
.
We suppose in addition that for every q ∈ C′an, the path λ′q is the unique lift
starting from q of the path (λWΣ(V,Can))
φan(q) and also that λ′ is G-invariant i.e.
for every g ∈ G, t ∈ [0, 1] and x ∈ C′an, g(λ′(t, x)) = λ′(t, g(x)). The following
statements are then true.
(1) Let D′ denote the set of connected components of the space C′anrΣ(C′an,W′).
If D′ ∈ D′ then D′ is isomorphic to the Berkovich unit ball O(0, 1) and we
identify D′ via this isomorphism. By Lemma 2.30, the group G has a well
defined action on the set D′. Let H ⊂ G be the sub group which fixes D′.
Let W be a Berkovich closed or open ball strictly contained in D′. There
exists a Berkovich closed sub ball B(0, r) ⊂ D′ with r ∈ |k∗| such that H
stabilizes B(0, r) and W ⊂ B(0, r).
(2) The map λ′ : [0, 1]× C′an → C′an is continuous.
Over the course of the proof, we simplify notation and write λ in place of
λWΣ(Can,W). The hypothesis that λ
′ is G-invariant is redundant as it can be de-
duced from the uniqueness of the lifts.
Proof. (1) Let D denote the set of connected components of the space Can r
Σ(Can,W). In the proof of Proposition 2.21, we constructed the deforma-
tion retraction λ by identifying every D ∈ D with Berkovich open unit
disks centered at 0. By Lemma 6.1, the morphism φan is open. As φ is
a finite morphism, the morphism φan is closed as well. Let D′ ∈ D′. By
Lemma 2.30, there exists D ∈ D such that φan(D′) = D. We also showed
in 2.30, that D′ is a connected component of the space (φan)−1(D) and
hence the morphism φan restricts to a closed and open morphism from D′
onto D. We use φanD′ to denote the restriction of φ
an to D′. Let x ∈ D
and R := (φanD′ )
−1(x) = {y1, . . . , ym}. Recall that H is the sub group of G
which stabilizes D′. It follows that R = {h(y1)}h∈H . There exists s ∈ [0, 1]
such that for every z ∈ D, λ(t, z) ∈ D for t ∈ [0, s) and λ(s, z) ∈ D r D.
For every i, let pyi denote the path [0, s]→ D
′ defined by t 7→ λ′(t, yi). The
paths pyi are each lifts of the path λ
x : [0, s] → D defined by t 7→ λ(t, x).
Observe that pyi(s) = D
′ r D′. By Lemma 2.35, there exists r ∈ [0, s)
such that for every y, y′ ∈ R, py′ |[r,s) = py |[r,s). Let r
′ ∈ [r, s) be such that
λx(r′) = η0,u (cf. 2.1.1) for some u ∈ |k∗| and B(0, u) contains φanD′(W ).
Since pyi(r
′) = pyj (r
′) for every yi, yj ∈ R and the paths py for y ∈ R
are Galois conjugates of each other, we must have that q := py(r
′) is fixed
by H and hence q = (φanD′ )
−1(λ(r′, x)). We simplify notation and use X
to denote the closed disk B(0, u). The group H restricts to an action of
the space Y := (φanD′)
−1(X). We claim that Y is a Berkovich closed disk
in D′. Let Y ′ denote the complement of Y in D′. The image φan(Y ′) is
the complement of X in D as φanD′ is surjective. Let X
′ := D r X . We
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claim that the space Y ′ is a connected open set. Suppose that Y ′ is not
connected. The morphism φanD′ is clopen and hence maps each connected
component of Y ′ onto the complement of X in D. Let Z be a connected
component of Y ′. Lemmas 2.32 and 2.33 can be used to show that Z must
be of the formO(0, 1)r
⋃
j∈J Xj where the Xj are Berkovich closed disks or
points of type I or IV. As the morphism φan restricts to a finite morphism
from Z onto X ′, it can be deduced that there can be only a finite number
of points in Y ′ r Y ′ where Y ′ denotes the closure of Y ′ in D′. We must
hence have that Y ′ ∈ B and is of form 3. As the union of open sets in B
of form 3 is connected, we conclude that Y ′ is a connected open set in B
of form 3. It must be the complement of the union of a finite number of
Berkovich closed disks or points of type I or IV. The complement of Y ′ is
the space Y and Y = (φanD′)
−1(X). We showed that there exists a point
q ∈ Y which is H-invariant. As φanD′ is clopen, every connected component
of Y must contain the point q and hence Y is connected. If the union of
a finite number of Berkovich closed disks and points of types I or IV in
D′ is connected then that union must be a Berkovich closed disk as well.
Hence, Y is a Berkovich closed disk. The morphism φanD′ restricts to a finite
morphism from Y onto X . As k is algebraically closed, the radius of Y
belongs to the group |k∗|. This proves the first part of the proposition
(2) We make use of the notation introduced in the proof of part 1 of the propo-
sition. LetW ⊂ C′an be a connected open set. We must show that λ′−1(W )
is an open subset of [0, 1]×C′an. We divide the proof into two cases - when
W ∩ Σ(C′an,W′) is empty and when W ∩ Σ(C′an,W′) is non-empty.
We treat the first case - W ∩Σ(C′an,W′) = ∅. As W is connected, there
exists D′ ∈ D′ such that W ⊂ D′. By 2.30, there exists D ∈ D such that
φan(D′) = D. We may suppose further that W belongs to B. It must be
of form 1, 2 or 3. Suppose that W is a Berkovich open disk contained in
D′. Let V := φan(W ) ⊂ D. By Lemma 2.33, V is a Berkovich open disk
in D. By construction of λ, we must have that there exists s ∈ [0, 1] such
that λ−1(V ) = [0, s)× V . By assumption, λ′ is compatible with λ in that
the following diagram is commutative.
[0, 1]× Can Can
[0, 1]× C′an C′an
❄ ❄
✲
✲
λ
λ′
id× φan φan
.
It follows that λ′−1(W ) ⊂ [0, s) × (φan)−1(V ). Let A1, . . . , Am denote
the connected components of (φan)−1(V ). Observe that (φan)−1(V ) =⋃
σ∈G σ(W ). We suppose without loss of generality that W ⊂ A1. As
A1 is connected, we must have that A1 ⊂ D′. We claim that W = A1. By
2.30, if σ ∈ G then σ(D′) ∈ D′. Let H := {σ ∈ G|σ(D′) = D′}. We must
have that A1 ⊂
⋃
σ∈H σ(W ) and A1 ∩ σ(W ) = ∅ if σ /∈ H . By part (1) of
the proposition and Lemma 2.34, if σ ∈ H then σ(W ) is a Berkovich open
ball whose radius is equal to that ofW . It follows that one of the connected
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components of
⋃
σ∈H σ(W ) is the ball W . Hence W = A1. Observe that
if Ai is a connected component and x ∈ Ai then for every t ∈ [0, s), we
must have that λ′(t, x) ∈ Ai. Indeed, the path λ′x : [0, s) → C′an defined
by t 7→ λ′(t, x) is contained in (φan)−1(V ). As {Aj} is the set of con-
nected components of (φan)−1(V ) we must have that λ′(t, x) ∈ Ai for every
t ∈ [0, s). It follows from this observation that λ′−1(W ) = [0, s)×W .
LetW ⊆ D be a Berkovich open ball and Y1, . . . , Ym be disjoint Berkovich
closed sub disks of W or points of type I or IV. Let Z :=
⋃
1≤i≤n Yi. We
show that λ′−1(W rZ) is an open subset of [0, 1]×C′an. We have already
shown that there exists s ∈ [0, 1] such that λ′−1(W ) = [0, s) ×W . Hence
λ′−1(W rZ) = ([0, s)×W )rλ′−1(Z). As Z is the disjoint union of the Yi,
we must have that λ′−1(Z) =
⋃
i λ
′−1(Yi). It suffices hence to show that if
Y is a Berkovich closed disk contained in D′ then there exists t ∈ [0, 1] such
that λ′−1(Y ) = [0, t] × Y . By Lemma 2.33, the image of Y for the mor-
phism φanD′ is a Berkovich closed disk or a point of type I or IV. We can use
essentially the same argument above wherein we showed that the preimage
of a Berkovich open disk O in D′ for the function λ′ is an open subset of
[0, 1]× C′an of the form [0, s′)×O to show that λ′−1(Y ) = [0, t]× Y .
To conclude the proof, we treat the case when W ⊂ C′an is a connected
open set that intersects Σ(C′an,W′). Let S := W ∩ Σ(C′an,W′) and let
D′S := {D
′ ∈ D|D′ ∩ S 6= ∅}. As W is connected, for every D′ ∈ D′S ,
W ∩ D′ is a non empty connected open neighborhood which is the union
of open sets in B of form 3. It suffices to prove λ′−1(W ) is open under
the assumption that W ∩ D′ for D′ ∈ D′S belongs to B and is of form
3. We have the equality W =
⋃
D′∈D′
S
(W ∩ D′) ∪ (W ∩ Σ(C′an,W′)). It
follows that λ′−1(W ) =
⋃
D′∈D′
S
λ′−1(W ∩D′)∪λ′−1(Σ(C′an,W′)∩W ). We
showed that for every D′ ∈ D′S , λ
′−1(W ∩D′) is an open set of [0, 1]×D′.
Furthermore, it can be checked that [0, 1]×W ⊂ λ′−1(W ). By construction,
λ′−1(Σ(C′an,W′)∩W ) = ([0, 1]× (Σ(C′an,W′)∩W ))
⋃
({1}×
⋃
D′∈D′
S
D′).
The set [0, 1] ×W is an open subset of [0, 1] × C′an that is contained in
λ′−1(W ) and is a neighborhood of every point of [0, 1]× (Σ(C′an,W′)∩W ).
It remains to show that if x ∈ D′ for some D′ ∈ D′S then there exists an
open subset of [0, 1] × C′an contained in λ′−1(W ) that is a neighborhood
of (1, x). We proceed as follows. As W ∩ D′ is a connected open subset
in B of form 3, it can be verified using the arguments above (case 1) that
there exists rW∩D′ ∈ [0, 1) such that (rW∩D′ , 1] × D′ ⊂ λ′−1(W ). As
(rW∩D′ , 1] ×D′ is an open subset of [0, 1] × C′an that contains 1 ×D′ we
conclude the claim and the proof.

3. Compatible deformation retractions
Our goal in this section is to prove the existence of a pair of compatible defor-
mation retractions in the case of a finite morphism between curves. The precise
statement is the following.
Theorem 3.1. Let C and C′ be smooth projective irreducible k-curves and φ :
C′ → C be a finite morphism. There exists a pair of deformation retractions
ψ : [0, 1]× Can → Can
and
ψ′ : [0, 1]× C′an → C′an
with the following properties.
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(1) The images ΥC′an := ψ
′(1, C′an) and ΥCan := ψ(1, C
an) are closed sub-
spaces of C′an and Can respectively, each with the structure of a connected,
finite metric graph. Furthermore, we have that ΥC′an = (φ
an)−1(ΥCan).
(2) There exists weak semistable vertex sets A′ ⊂ C′an and A ⊂ Can such that
ΥC′an = Σ(C
′an,A′) and ΥCan = Σ(C
an,A).
(3) The deformation retractions ψ and ψ′ are compatible i.e. the following
diagram is commutative.
[0, 1]× Can Can
[0, 1]× C′an C′an
❄ ❄
✲
✲
ψ
ψ′
id× φan φan.
Remark 3.2. In [HL], Hrushovski and Loeser construct compatible deformation
retractions in greater generality. Let π : V ′ → V be a finite morphism between
quasi-projective varieties V ′ and V over a non-Archimedean non-trivially real valued
field F . There exists a generalised real interval [[HL], Section 3.9] I and a pair of
deformation retractions H : I × V an → V an and H ′ : I × V ′an → V ′an which are
compatible in the sense defined above. This result follows from Remark 10.1.2 (2)
and Corollary 13.1.6 in loc.cit.
To prove Theorem 3.1, we adapt the strategy employed in Section 7 of [HL]. Our
method of proof is as follows. We begin by proving the theorem for a finite morphism
φ : C → P1k where C is a smooth, projective curve and the extension of function
fields k(P1k) →֒ k(C) induced by the morphism φ is Galois. We then use this result
to prove the theorem for a finite morphism φ : C′ → C between smooth projective
curves. We begin with the following lemma which provides us compatible weak
semistable vertex sets for a finite morphism between smooth projective irreducible
curves.
Lemma 3.3. Let φ : C′ → C be a finite morphism between smooth projective
irreducible curves. Let S ⊂ Can be a finite set of points none of which are of type IV.
There exists a weak semistable vertex set W ⊂ Can such that Σ(Can,W) contains
S, V := (φan)−1(W) is a weak semistable vertex set of C′an and Σ(C′an,V) =
(φan)−1(Σ(Can,W)).
Proof. Let W0 be a weak semistable vertex set for C
an such that Σ(Can,W0) con-
tains S. As the morphism φan is finite, the preimage (φan)−1(Σ(Can,W0)) is a finite
graph which does not contain a point of type IV (Proposition 2.27). Let V0 be a
weak semistable vertex set such that Σ(C′an,V0) contains (φ
an)−1(Σ(Can,W0)).
Let W1 be a weak semistable vertex set such that the skeleton Σ(C
an,W1) con-
tains φan(Σ(C′an,V0)). We claim that the preimage A := (φ
an)−1(Σ(Can,W1))
is connected. Let A1, . . . , Am denote the connected components of A such that
A1 contains Σ(C
′an,V0). The morphism φ
an is an open and closed morphism (cf.
Lemma 6.1). It follows that φan restricts to a surjective map from each of the
Ai onto Σ(C
an,W1). However since A1 contains the set (φ
an)−1(Σ(Can,W0)) we
must have that A = A1. It follows that A is a connected graph that contains the
skeleton Σ(C′an,V0), using which it can be checked that C
′an r A is the disjoint
24 JOHN WELLIAVEETIL
union of sets each of which are isomorphic to Berkovich open balls. We claim that
these open balls have radii belonging to |k∗|. Let D′ be a connected component
of C′an r A. As the morphism φan is clopen and A = (φan)−1(Σ(Can,W1)), there
exists a connected component D of Can rΣ(Can,W1) such that the morphism φ
an
restricts to a finite morphism from D′ onto D. As D is isomorphic to a Berkovich
open ball of radius belonging to |k∗|, we must have that D′ is a Berkovich open ball
whose radius belongs to |k∗|. It follows that there exists a weak semistable vertex
set V1 in C
′an such that Σ(C′an,V1) = A. The set W := W1 ∪ φan(V1) is a weak
semistable vertex set for Can and Σ(Can,W) = Σ(Can,W1). Let V := (φ
an)−1(W).
As V contains V1 and is contained in Σ(C
′an,V), we must have that V is a weak
semistable vertex set and Σ(C′an,V) = Σ(C′an,V1). The pair V,W satisfy the
claims made in the lemma.

3.1. Lifting paths.
Let φ : C′ → C be a finite morphism between k-curves. A path in Can is a
continuous function u : [a, b] → Can where [a, b] is a real interval. To construct
deformation retractions which are compatible for the morphism φ, we must under-
stand to what extent certain paths on Can can be lifted. By a lift of a path, we
mean the following.
Definition 3.4. Let a < b be real numbers and u : [a, b] → Can be a continuous
function. A lift of the path u is a path u′ : [a, b]→ C′an such that u = φan ◦ u′.
Lemma 3.5. Let φ : C′ → C be a finite separable morphism between irreducible
projective smooth k-curves such that the extension of function fields induced by φ
is separable. Let V ⊂ W be weak semistable vertex sets of Can. Assume that W
contains the set of k-points of C over which the morphism φ is ramified. Let W′ ⊂
C′an be a weak semistable vertex set such that Σ(C′an,W′) = (φan)−1(Σ(Can,W)).
Let λWΣ(Can,V) : [0, 1] × C
an → Can be the deformation retraction constructed in
Proposition 2.21 whose image is Σ(Can,W). We simplify notation and write λ in
place of λWΣ(Can,V). Let p ∈ C
an. Let λp : [0, 1] → Can be the path defined by
t 7→ λ(t, p). Let q ∈ (φan)−1(p). There exists a unique path u : [0, 1] → C′an such
that u(0) = q and φan ◦ u = λp.
Proof. We split the proof into two cases.
(1) Let p ∈ Can be a point which is not of type IV. We can suppose that
p /∈ Σ(Can,W) since when p ∈ Σ(Can,W), the path λp is constant and
hence can always be lifted. We show firstly that for every t ∈ [0, 1), there
exists ǫ > 0 such that if z′ ∈ (φan)−1(λp(t)) then λp|[t,t+ǫ] lifts uniquely to a
path starting from z′.
Suppose z := λp(t) was a point of type I. By construction of λ, we must
have that z = p and t = 0. Our choice of weak semistable vertex sets
implies that φ is e´tale over λp(t). It follows from Hensel’s lemma that there
exists neighborhoods Vz′ in C
′an around z′ and Vp around p such that φ
an
restricts to a homeomorphism from Vz′ onto Vp. We conclude from this fact
that there does indeed exist ǫ > 0 such that λp|[0,ǫ] lifts uniquely to a path
starting from z′.
Let z := λp(t) be a point of type II or III. By construction, for every
s ∈ [t, 1], λp(s) = λz(s) where λz : [0, 1] → Can is the path defined by
s 7→ λ(s, z). Furthermore, for every s ∈ [0, t], λz(s) = z. It suffices to show
that there exists ǫ > 0 such that the path λz|[t,t+ǫ] lifts uniquely to a path
starting from z′. If there exists ǫ > 0 such that λz|[t,t+ǫ] is constant then
our claim is obviously true. Let us hence suppose no such ǫ exists.
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By assumption, z /∈ Σ(Can,W). It follows that z′ ∈ C′an rΣ(C′an,W′).
Recall that we used D to denote the set of connected components of the
space Can rΣ(Can,W) and when constructing the deformation λ we iden-
tified each D ∈ D with a Berkovich open ball whose radius belongs to the
value group |k∗|. Likewise, let D′ denote the set of connected components of
the space C′an r Σ(C′an,W′). We identify each D′ ∈ D′ with a Berkovich
open ball of unit radius. Let D ∈ D be such that z ∈ D and D′ ∈ D′
such that z′ ∈ D′. By Lemma 2.30, we have that φan(D′) = D and in
addition φan restricts to an open and closed map on D′. By construction
of the deformation retraction λ, there exists β ∈ [0, 1] such that for every
x ∈ D, λ(s, x) ∈ D when s ∈ [0, β) i.e. λ : [0, β) ×D → D is well defined
and λ(s, x) = λ(β, x) when s ∈ [β, 1]. Our assumption that there does not
exist ǫ > 0 such that λz|[t,t+ǫ] is constant and the construction of λ imply
that the path λz|[t,β] is injective and that λ
z([t, β]) ⊂ H(Can). Furthermore,
the composition λz ◦ (−exp) : [−log(β),−log(t)] → Can is an isometry (cf.
Remark 2.22).
Let r ∈ |k∗| denote the radius of the ball D. The point z must be
of the form ηa,t for some a ∈ D. Likewise, the point z′ ∈ D′ must be
of the form ηb,t′ for some b ∈ D′ and t′ ∈ (0, 1). We may choose b so
that φan(b) = a. We show now that we can reduce to the case when
a = b = 0. The translation automorphism t−a : O(0, r) → O(0, r) defined
by x 7→ x − a induces an automorphism tan−a : D → D that maps the
point z to η0,t. We have that λ : [0, β) × D → D is well defined and it
can be checked that λ is tan−a invariant i.e. for every s ∈ [0, β) and x ∈ D,
tan−a(λ(s, x)) = λ(s, t
an
−a(x)). Similarly, let t−b : O(0, 1)→ O(0, 1) denote the
translation morphism y 7→ y − b. The map t−b induces an automorphism
tan−b : D
′ → D′ that maps z′ = ηb,t′ to η0,t′ . Let φanD′ denote the restriction
of φan to D′. As tan−a and t
an
−b are automorphisms, there exists a morphism
f : D′ → D such that the following diagram commutes.
D D
D′ D′
❄ ❄
✲
✲
tan−a
tan−b
φanD′ f
Suppose there exists ǫ > 0 and a unique path u′ : [t, t+ ǫ] starting from
η0,t′ such that f ◦ u
′ = λ
η0,t
|[t,t+ǫ]. The commutativity of the above diagram
and the fact that tan−a and t
an
−b are automorphisms imply that there exists a
unique path u : [t, t+ ǫ] starting at z′ such that φan ◦ u = λz|[t,t+ǫ]. We may
hence assume that z = η0,t and z
′ = η0,t′ and that φ
an(0) = 0.
Let F ⊂ D′ denote the set (φan)−1(0). Let A ⊂ D′ be a finite set
of points of type II with the following property. Let C denote the set of
connected components of D′r(A ∪F ). There exists a finite set Υ ⊂ C such
that if A ∈ Υ then A is isomorphic to a standard open annulus or a standard
punctured Berkovich open disk and if A ∈ C r Υ then A is isomorphic to
Berkovich open ball with radius in |k∗|. Let Σ(D′) be the union of A ∪ F
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and the skeleton of every element A ∈ Υ. By assumption, we must have
that z′ ∈ Σ(D′). Suppose, z′ is not a vertex of the finite graph Σ(D′). It
follows that there exists a standard open annulus A′ ∈ Υ that contains z
and in particular does not intersect F . The map φan restricts to a morphism
A′ → D r {0}. By [[BPR], Proposition 2.5], φan(A′) ⊂ D r {0} must be a
standard open annulus A as well and φan(Σ(A′)) = Σ(A). By assumption,
we have that z ∈ Σ(A) and for small enough ǫ > 0, the path λz|[t,t+ǫ] is
contained in Σ(A). Recall that we defined sections σ : trop(A)→ Σ(A) and
σ : trop(A′) → Σ(A′) of the tropicalization maps trop : Σ(A) → trop(A)
and trop : Σ(A′)→ trop(A′) (cf. 2.2.2). By definition of the tropicalization
map, we must have that [−log(t),−log(t+ ǫ)] ⊂ trop(A). By construction,
λz ◦−exp : [−log(t),−log(t+ ǫ)]→ Σ(A) coincides with σ|[−log(t),−log(t+ǫ)].
As σ is a homeomorphism, the morphism φan|Σ(A′) : Σ(A
′) → Σ(A) induces
a map φtrop : trop(A′)→ trop(A). By loc.cit, there exists a non zero d ∈ Z
such that φtrop is of the form d(.)+−log(|δ|) for some δ ∈ k∗. Let (φtrop)−1
denote the inverse of φtrop. It can be verified that u := σ ◦ (φtrop)−1 ◦−log :
[t, t+ ǫ] → D′ is a lift of λz|[t,t+ǫ] starting from z
′. In fact, u is the unique
lift of λz|[t,t+ǫ] starting from z
′. Indeed, by Proposition 2.5 in loc.cit., it can
be deduced that φan(A′ r Σ(A′)) ⊂ A r Σ(A) and furthermore, the map
φan restricted to Σ(A′) is a bijection onto Σ(A). As λz|[t,t+ǫ] is a path along
Σ(A), u must be a lift along Σ(A′) and hence unique.
Suppose z′ = η0,t′ ∈ Σ(D
′) is a vertex. We must have that z′ is a type
II point. It follows that there exists a standard open annulus A′ ∈ Υ with
inner radius t′ and outer radius belonging to |k∗|. By [BPR], the image
φan(A′) is a standard open annulus A ⊂ D and we choose ǫ > 0 small
enough so that λz|(t,t+ǫ] is a path contained in Σ(A). We now proceed as
above to obtain a lift u of λz|(t,t+ǫ] starting from z
′ and for reasons mentioned
above it is the unique lift contained in Σ(A). It remains to show that u
is the unique lift in C′an and this requires an additional argument for the
following reason. Observe that the annulus A contains exactly one element
of the tangent space Tz′ , whereas previously when z
′ was in the interior of
A, every tangent direction was contained in A. It follows that although u
might be the unique lift in A, it might not be the only lift in C′an. However,
it is the only possible lift since by Lemma 2.33, the Berkovich closed ball
B(0, t′) maps onto the closed ball B(0, t) and the path λz|(t,t+ǫ] is contained
in the complement of the B(0, t). Hence any lift of the λz|(t,t+ǫ] must be
contained entirely in A. This proves that the lift u is unique.
Let L denote the set of s ∈ [0, 1] for which there exists a lift of the path
λp|[0,s] starting from q. Let s ∈ L. We claim that there exists a unique
lift of the path λp|[0,s] starting from q. Let u
′, u be two lifts of the path
λp|[0,s] starting from q. Let s0 ∈ [0, s] be the largest real number such that
u′|[0,s0] = u|[0,s0]. Let q
′ := u′(s0) = u(s0) and p
′ := φan. By the first part
of the proof, there exists ǫ > 0 and a unique lift v of the path λp|[s0,s0+ǫ].
As u′|[s0,s0+ǫ] and u|[s0,s0+ǫ] are both lifts of λ
p
|[s0,s0+ǫ]
, we must have that
v = u|[s0,s0+ǫ] = u
′
|[s0,s0+ǫ]
. This implies that u|[0,s0+ǫ] = u
′
|[0,s0+ǫ]
which
contradicts our assumption on s0. We have thus verified our claim. It
can be deduced from this that the set L contains its supremum. Let t be
the largest real number in [0, 1] such that the path λp|[0,t] lifts to a path
u : [0, t] → C′an starting from q. Suppose t < 1. By the first half of
the proof, there exists a small real number ǫ such that λp|[t,t+ǫ] lifts to a
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path starting from u′ : [t, t + ǫ] → C′an starting from u(t). Glueing u and
u′ gives a path u′′ : [0, t+ ǫ] → C′an which lifts λp|[0,t+ǫ]. Hence we have a
contradiction to our assumption that t < 1. Therefore there exists a unique
lift of the path λp.
(2) Let p be a point of type IV. We must have that p /∈ Σ(Can,W). We make
use of the notation introduced in part (1) of the proof. There exists D ∈ D
such that p ∈ D. The path λp is injective on [a, b]. Let U be a connected
neighborhood in D of the point p such that (φan)−1(U) decomposes into the
disjoint union of connected open sets {U1, . . . , Um} and each Ui contains
exactly one preimage of the point p. We claim that we can shrink U and
choose a < t′1 < b such that λ
p([0, t′1]) ⊂ U and for every x ∈ λ
p([0, t′1])
there exists exactly one preimage of x in each of the Ui. This can be
accomplished as follows. We show that there exists t′ ∈ (a, b) such that
for every element x ∈ λp([a, t′)) the cardinality of the set (φan)−1(x) is
constant. We can then shrink U so that it does not intersect λp([t′, b]) and
choose t′1 ∈ (a, t
′) suitably small. Such a U must satisfy the claim since
the morphism φan being closed and open (cf. Lemma 6.1) is surjective
from each of the Ui onto U . Observe that if t1, t2 ∈ (a, s] are such that
t1 < t2 then the number of preimages of λ
p(t1) is greater than or equal to
the number of preimages of λp(t2). This follows from the uniqueness of lifts
from part (1) and that if P is a lift of the path λp|[t1,s] then P|[t2,s] is a lift of
the path λp|[t2,s]. As the morphism φ
an is finite, there exists t′ ∈ (a, b) such
that the number of preimages of every point x ∈ λp((a, t′)) is constant. The
preimages in C′an of the point p are of type IV and the tangent space at
any such point is a single element. It follows that the number of preimages
of every point in λp([a, t′)) is a constant. Let t′1 ∈ (a, t
′) be such that
λp(t′) ∈ U . This verifies the claim. We suppose without loss of generality
that q ∈ U1. We show firstly that the path λ
p
[0,t′
1
] can be lifted to a path in
Can starting from q. It suffices to show that the path λp[a,t′
1
] can be lifted
to a path in Can starting from q. Let I denote the set of real numbers
r ∈ [a, t′1] for which there exists a lift Pr of the path λ
p
|[r,t′
1
] contained in U1.
As U1 contains exactly one preimage of the point λ
p(r), the uniqueness of
lifts from part (1) of the proposition implies that the set I is closed. Let t0
denote the smallest element of the set I. Suppose t0 > a. Let a
′ ∈ (a, t0)
and p′ := λp(a′). By construction, p′ is not a point of type IV. Let q′ be the
unique preimage of p′ in U1. By part (1), there exists a lift P
′ of the path
λp
′
|[a′,t′
1
] starting from q
′. By construction, λp
′
|[t0,t′1]
coincides with λp|[t0,t′1]
. As
the lifts are unique, we must have that P ′|[t0,t′1]
= P . This is a contradiction
to our assumption that t0 > a. It follows that there exists a lift of the path
λp|[a,t′
1
] in U1 which in turn implies that there exists a lift of the path λ
p
|[0,t′
1
]
in U1 as λ
p
|[0,a] is constant. We abuse notation and refer to this lift as P
′
as well. Let p′′ := λp(t′1). By construction, λ
p′′
|[t′
1
,1] coincides with the path
λp|[t′
1
,1]. Let q
′′ := P ′(t′1). By part (1), there exists a lift P
′′ of the path
λp
′′
|[t′
1
,1] starting from q
′′. Glueing the paths P ′ and P ′′ results in a lift of
the path λp starting from q.

3.2. Finite morphisms to P1k. Let C be a smooth projective irreducible k-curve.
Let φ : C → P1k be a finite morphism such that the extension of function fields
k(P1k) →֒ k(C) induced by φ is separable. Let R be the finite set of k-points of
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P1k over which the morphism φ is ramified. Let W be a weak semistable vertex
set that contains R such that V := (φan)−1(W) is a weak semistable vertex set for
Can and Σ(Can,V) = (φan)−1(Σ(P1,ank ,W)). By Proposition 2.21, there exists a
deformation retraction
λΣ(P1,an
k
,W) : [0, 1]× P
1,an
k → P
1,an
k
whose image is the skeleton Σ(P1,ank ,W). Recall that for a point p ∈ P
1,an
k , the
deformation retraction λΣ(P1,an
k
,W) defines a path λ
p
Σ(P1,an
k
,W)
: [0, 1] → P1,ank by
t 7→ λΣ(P1,an
k
,W)(t, p). We are now in a position to prove Theorem 3.1 for the
morphism φ : C → P1k. We suppose in addition that the extension of function fields
k(P1k) →֒ k(C) induced by φ is Galois.
Proposition 3.6. Let C be a smooth projective irreducible curve and let φ : C → P1k
be a finite morphism such that the extension of function fields k(P1k) →֒ k(C) is
Galois. Let W be a weak semistable vertex set for P1,ank that contains the closed
points over which the morphism is ramified such that V := (φan)−1(W) is a weak
semistable vertex set for Can and Σ(Can,V) = (φan)−1(Σ(P1,ank ,W)). There ex-
ists a pair of compatible deformation retractions ψ′ : [0, 1] × Can → Can and
ψ : [0, 1] × P1,ank → P
1,an
k whose images are the connected finite graphs Σ(C
an,V)
and Σ(P1,ank ,W) respectively.
Proof. Let ψ := λΣ(P1,an
k
,W). We define the deformation retraction ψ
′ : [0, 1]×Can →
Can as follows. Let q′ ∈ Can and q := φan(q′). By Lemma 3.5, there exists a
unique lift ψ′q
′
of the path ψq starting at q′. For t ∈ [0, 1] and q′ ∈ C′an, we set
ψ′(t, q′) := ψ′q
′
(t). The uniqueness of the lifts ψ′q
′
imply that ψ′ is well defined.
Let G = Gal(k(C)/k(P1k)). The uniqueness of the lift implies that for every g ∈ G,
g ◦ ψ′q
′
= ψ′g(q
′). It follows that for every t ∈ [0, 1], g(ψ′(t, q′)) = ψ′(t, g(q′)). The
compatibility of ψ′ and ψ implies that ψ′(1, Can) is equal to (φan)−1(Σ(P1,ank ,W)) =
Σ(Can,V). The continuity of ψ′ follows from 2.36. 
We show that Theorem 3.1 can be deduced from Proposition 3.6.
Proof. Let φ : C′ → C be a finite morphism between smooth projective irreducible
k-curves. It suffices to prove the theorem when the extension of function fields
k(C) →֒ k(C′) induced by the morphism φ is separable. Indeed, the extension
k(C) →֒ k(C′) can be decomposed into a separable field extension k(C) →֒ L and
a purely inseparable extension L →֒ k(C′). Let C′′ denote the smooth projective
irreducible k-curve that corresponds to the function field L. The corresponding
morphism of curves C′ → C′′ and its analytification C′an → C′′an are homeomor-
phisms. If V′′ is a weak semistable vertex set for C′′an then its preimage V′ in C′an
is a weak semistable vertex set as well and a deformation retraction of C′′an with
image Σ(C′′an,V′′) lifts to a deformation retraction on C′an with image Σ(C′an,V′).
Let a : C → P1k be a finite separable morphism and let K be a finite Ga-
lois extension of k(P1k) that contains k(C
′). Let C′′ denote the smooth projec-
tive irreducible curve corresponding to the function field K. By construction
we have the following sequence of morphisms : C′′ → C′ → C → P1k. Let
c : C′′ → P1k denote this composition. Using Lemma 3.3, it can be checked that
there exists a weak semistable vertex set A for P1,ank that contains the points over
which the morphism c : C′′ → P1k is ramified and in addition that (a
an)−1(A) is
a weak semistable vertex set of Can, (a ◦ φ)an−1(A) is a weak semistable vertex
set of C′an and (can)−1(A) = A′′ is a weak semistable vertex set for C′′an. Fur-
thermore, Σ(Can, (aan)−1(A)) = (aan)−1(Σ(P1,ank ,A)), Σ(C
′an, (a ◦ φ)an−1(A)) =
(a ◦ φ)an−1(Σ(P1,ank ,A)) and Σ(C
′′an,A′′) = (can)−1(Σ(P1,ank ,A)).
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The deformation retraction λΣ(P1,an
k
,A) has image Σ(P
1,an
k ,A) and lifts to a defor-
mation retraction λ′′A
′′
with image Σ(C′′an,A′′). Let G := Gal(k(C′′)/k(P1k)). The
deformation retraction λ′′A
′′
is G-invariant. There exists sub groups HC′ ⊂ G
and HC ⊂ G such that C′′ → C′ and C′′ → C are the quotient morphisms
C′′ → C′′/HC′ and C′′ → C′′/HC . As λ′′A
′′
is HC and HC′ invariant, it must
induce deformations λC and λC′ whose images are (a
an)−1(Σ(P1,ank ,A)) and ((a ◦
φ)an)−1(Σ(P1,ank ,A)) respectively. This proves the theorem. 
4. Calculating the genera gan(C′) and gan(C)
In the previous sections we showed that given a k-curve, there exists a deforma-
tion retraction of the curve onto a closed subspace which is a finite metric graph.
We called such subspaces skeleta. In Definition 2.26, we introduced the genus of a
skeleton and by Proposition 2.25 it is independent of the weak semistable vertex
sets that define it, implying that it is in fact an invariant of the curve. In what
follows we study how these invariants relate to each other given a finite morphism
between the spaces they are associated to.
The theorem that follows is analogous to the Riemann-Hurwitz formula in alge-
braic geometry. We introduce the notation involved in the statement of 4.1. Let
φ : C′ → C be a finite separable morphism between smooth projective curves over
the field k.
4.1. Notation. We define the genus of a point p ∈ Can as follows. If p ∈ Can is
of type II then let gp denote the genus of the smooth projective curve C˜p which
corresponds to the k˜-function field H˜(p) and if p ∈ Can is not of type II then we
set gp = 0.
Let p′ ∈ C′an which is of type II and let p := φan(p′). The k˜-function fields
H˜(p′), H˜(p) define smooth projective k˜-curves C˜′p′ , C˜p respectively. The morphism
φan induces an injection H˜(p) →֒ H˜(p′) which implies a morphism C˜′p′ → C˜p.
This morphism is not necessarily separable. The extension H˜(p) →֒ H˜(p′) can be
decomposed so that there exists an intermediate k˜-function field I˜(p′, p) and the
extension H˜(p) →֒ I˜(p′, p) is purely inseparable while I˜(p′, p) →֒ H˜(p′) is separable
of degree s(p′, p). Such a decomposition exists by [MOU]. Let C˜p′,p denote the
smooth projective k˜-curve which corresponds to the field I˜(p′, p). By construction,
the genus of the curve C˜p′,p is equal to gp.
The finite separable morphism C˜′p′ → C˜p′,p can be used to relate the genera of
the two curves via the Riemann-Hurwitz formula. As in [[H], IV.2], let
Rp′,p := ΣP∈C˜′p′ length(ΩC˜′p′/C˜p′,p)P .P
and
R := ΣP∈C′ length(ΩC′/C)P .P.
We define invariants on the points of Can which relate the values gan(C′), gan(C)
from Definition 2.26. For p ∈ Can of type II, let
s(p) := Σp′∈(φan)−1(p)s(p
′, p),
R1p′,p := deg(Rp′,p)− (2s(p
′, p)− 2),
R1p := Σp′∈(φan)−1(p)R
1
p′,p.
When p is not of type II, let s(p) be the cardinality of the fibre (φan)−1(p) and
R1p := 0.
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4.2. A Riemann-Hurwitz formula for the analytic genus.
Theorem 4.1. Let φ : C′ → C be a finite separable morphism between smooth
projective curves over the field k. Let gan(C′), gan(C) be as in Definition 2.26. We
have the following equation.
2gan(C′)− 2 = deg(φ)(2gan(C)− 2) + Σp∈Can2s(p)gp + deg(R)− Σp∈CanR
1
p.
Proof. In order to prove Theorem 4.1, we make use of the fact that there exists a pair
of deformation retractions ψ′ : [0, 1]×C′an → C′an and ψ : [0, 1]×Can → Can which
are compatible with the morphism φan (Theorem 3.1). Let ΥC′an and ΥCan denote
the images of the deformation retractions ψ′ and ψ respectively. We can assume that
ΥCan contains the ramification locus of the morphism φ. Furthermore, there exists
weak semistable vertex sets A ⊂ Can and A′ ⊂ C′an such that ΥCan = Σ(Can,A)
and ΥC′an = Σ(C
′an,A′).
We identify a set of vertices V (ΥCan), V (ΥC′an) for the skeleta ΥCan and ΥC′an
which satisfy the following conditions.
(1) V (ΥC′an) = (φ
an)−1(V (ΥCan)).
(2) A ⊂ V (ΥCan) and A′ ⊂ V (ΥC′an).
(3) If p (resp. p′) is a point on the skeleton ΥCan (resp. ΥC′an) for which there
exists a sufficiently small open neighbourhood U ⊂ ΥCan (resp. U ′ ⊂ ΥC′an)
such that U r{p} (resp. U ′r{p′}) has atleast three connected components
then p ∈ V (ΥCan) (resp. p′ ∈ V (ΥC′an)).
It can be verified that a pair (V (ΥCan), V (ΥC′an)) satisfying these properties does
indeed exist. We define the set of edges E(ΥCan) (resp. E(ΥC′an)) for the skeleton
ΥCan (ΥC′an) to be the collection of all paths contained in ΥCan (resp. ΥC′an)
connecting any two vertices. Since ΥCan (resp. ΥC′an) is the skeleton associated
to a weak semistable vertex set, the edges of the skeleton are identified with real
intervals. This defines a length function on the set of edges.
By definition, gan(C) = g(ΥCan) and g
an(C′) = g(ΥC′an) The genus formula
[[AB], 4.5] implies that
g(C) = g(ΥCan) + Σp∈V (ΥCan )gp
and
g(C′) = g(ΥC′an) + Σp′∈V (ΥC′an )gp′ .
By definition, the spaces C′an r A and C′an r A′ decompose into the disjoint
union of Berkovich open balls and open annuli. It follows that if p /∈ A or p′ /∈ A′
then gp = 0 and gp′ = 0. As A ⊂ V (ΥCan) and A′ ⊂ V (ΥC′an), the equations above
can be rewritten as
g(C) = g(ΥCan) + Σp∈Cangp(1)
and
g(C′) = g(ΥC′an) + Σp′∈C′angp′ .(2)
The morphism φ : C′ → C is a finite separable morphism between smooth,
projective curves. The Riemann-Hurwitz formula [[H], Corollary IV.2.4] enables us
to relate the genera of the curves C′ and C. Precisely,
2g(C′)− 2 = deg(φ)(2g(C) − 2) + deg(R)(3)
where R is a divisor on the curve C′ such that if φ is tamely ramified at x′ ∈ C′
then ordx′(R) = ram(x
′, x)− 1. Using the above, we obtain the following equation
relating gan(C′) and gan(C).
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2gan(C′)− 2 + 2(Σp′∈C′angp′) = deg(φ)(2g
an(C) − 2)+
deg(φ)(2Σp∈Cangp) + deg(R).
The only points p′ ∈ C′an for which gp′ 6= 0 belong to A′ and are of type II. Let
p′ be such a point and p := φan(p′). Applying the Riemann-Hurwitz formula to the
extension I˜(p′, p) →֒ H˜(p′) relates gp′ and gp by the following equation.
2gp′ − 2 = s(p
′, p)(2gp − 2) + deg(Rp′,p).
This equation holds for all points of type II. When p′ and p are not of type II,
we set s(p′, p) := 1 and Rp′,p := 0. These invariants imply the following equation.
2gan(C′)− 2 = deg(φ)(2gan(C)− 2)− Σp′∈C′an [s(p
′, p)(2gp − 2) + deg(Rp′,p) + 2]+
deg(φ)Σp∈Can(2gp) + deg(R).
Let s(p) := Σp′∈(φan)−1(p)s(p
′, p), R1p′,p := deg(Rp′,p)− (2s(p
′, p)− 2) and R1p :=
Σp′∈(φan)−1(p)R
1
p′,p. These invariants further simplify the equation above to the
following form.
2gan(C′)− 2 = deg(φ)(2gan(C)− 2)− Σp∈Can2s(p)gp − Σp∈CanR
1
p + deg(R).

The rest of this section is dedicated to studying the invariant s(p) arising in the
equation above.
4.2.1. Calculating i(p′) and the defect. Let M be a non-Archimedean valued field
with valuation v. Let |M∗| denote the value group and M˜ denote the residue
field. Let M ′ be a finite extension of the field M such that the valuation v extends
uniquely to M ′. By Ostrowski’s lemma, we have the following equality.
[M ′ :M ] = (|M ′∗| : |M∗|)[M˜ ′ : M˜ ]cr.
Here c is the characteristic of the residue field if it is positive and one otherwise.
The value d(M ′,M) := cr is called the defect of the extension. If r = 0 then we
call the extension M ′/M defectless.
We now relate this definition to the situation we are dealing with. Let p be
a point of type II belonging to Can and p′ ∈ (φan)−1(p). Since the field k is
algebraically closed non-Archimedean valued and the points p, p′ are of type II, the
value groups of the fields H(p) and H(p′) remain the same. We have the following
equality
[H(p′) : H(p)] = [H˜(p′) : H˜(p)]d(p′, p)
where d(p′, p) is the defect of the extension H(p′)/H(p).
Lemma 4.2. Let p ∈ Can and p′ ∈ (φan)−1(p). The extension H(p) →֒ H(p′) is
defectless i.e. d(p′, p) = 1.
Proof. We make use of the Poincare´-Lelong theorem and our construction in Section
3 of the pair of compatible deformation retractions ψ and ψ′. Let r ∈ [0, 1] be
the smallest real number such that p ∈ ψ(r, C(k)) = {ψ(r, x)|x ∈ C(k)}. Since
the deformation retractions are compatible it follows that if p′ ∈ (φan)−1(p) then
p′ ∈ ψ′(r, C′(k)).
Let x ∈ C(k) be such that ψ(r, x) = p. Observe that our choice of ΥCan implies
that the morphism φ is unramified over x. Let Px denote the path ψ( , x) : [0, r]→
Can. Given a simple neighborhood [[BPR], Definition 4.28], U of p, the germ of
the path Px at p lies in a connected component of U r {p} and hence defines an
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element of the tangent space which we refer to as ex. Equivalently, for some a > 0,
the path (Px)|[a,r] ◦ −exp : [−log(a),−log(r)] → C
an is a geodesic segment and its
germ defines the element ex of the tangent space Tp (cf. Remark 2.22). Let tx be
a uniformisant of the local ring OC,x such that |tx(p)| = 1 and t˜x- the image of
tx in the residue field H˜(p) is a uniformisant at the point ex in H˜(p). This can
be accomplished by choosing tx so that it has no zeros or poles at any k-point y
for which the path ψ( , y) : [0, r] → Can coincides with ex in the tangent space
and using the Poincare´-Lelong theorem. Such a choice is possible by the semistable
decomposition associated to the skeleton ΥCan . Let t
′
x denote the image of tx in
the function field k(C′). Our choice of tx implies that for every p
′ ∈ (φan)−1(p),
|t′x(p
′)| = 1.
The inclusion H(p) →֒ H(p′) induces an inclusion of k˜-function fields H˜(p) →֒
H˜(p′). As before, let C˜p and C˜′p′ denote the smooth projective curves associated to
these function fields. As explained above, the path Px defines a k˜-point ex of the
curve C˜p. Let E(ex, p
′) denote the set of preimages of this point on the curve C˜′p′ .
Let S := {x′1, ...x
′
k} denote the preimages of the point x and ram(x
′
i, x) denote
the ramification index of the morphism φ at the point x′i. Since the skeleton ΥCan
contains the set of k-points over which the morphism is ramified, we have that
ram(x′i, x) = 1 for all i. If x
′ ∈ S then the path Px′ := ψ′( , x′) : [0, r] → Can
defines an element of the tangent space at ψ′(r, x′). Indeed, if U ′ is a simple
neighborhood of the point ψ′(r, x′) then there exists a ∈ [0, r) such that Px′ |[a,r) is
contained in exactly one connected component of the space U ′ r ψ′(r, x′).
The set of elements of the tangent spaces Tp′ for p
′ ∈ (φan)−1(p) that are
defined by the paths {ψ′( , x′i) : [0, r] → C
an} coincides with the set E(ex) :=
∪p′∈(φan)−1(p)E(ex, p
′). Our choice of tx implies that if y
′ ∈ C′(k) r φ−1(x) and
ψ′( , y′) : [0, r]→ C′an ∈ E(ex) then t′x cannot have a zero or pole at y
′.
For p′ ∈ (φan)−1(p) and e′ ∈ E(ex, p′), let Se′,p′ be the collection of those x′ ∈ S
such that ψ′(r, x′) = p′ and ψ′( , x′) : [0, r] → Can = e′. The non-Archimedean
Poincare´-Lelong theorem implies that
δe′(−|log(t
′
x)|)(p
′) = Σx′∈Se′,p′ ram(x
′, x) = card(Se′,p′).
The second equality follows from the fact that ram(x′, x) = 1. Furthermore,
δe′(−|log(t
′
x)|)(p
′) = orde′(t˜
′
x).
Since Σe′∈E(ex,p′)orde′ (t˜
′
x) = [H˜(p′) : H˜(p)], we must have that
Σp′∈(φan)−1(p)[H˜(p′) : H˜(p)] = Σx′∈Sram(x
′, x) = Σe′,p′card(Se′,p′).
Hence
Σp′∈(φan)−1(p)[H˜(p′) : H˜(p)] = card(S).
As the field k is algebraically closed, the expression on the right is equal to the
degree of the morphism φ and we have that
Σp′∈(φan)−1(p)[H˜(p′) : H˜(p)] = Σp′∈(φan)−1(p)[H(p
′) : H(p)].
This implies that for every p′ ∈ (φan)−1(p) the extensionH(p) →֒ H(p′) is defectless.

The result above follows from the more general fact that the residue field H(p)
associated to a point p of type II on the analytification Can of a k-curve C is stable
[[TEM], Corollary 6.3.6], [DUC]. Lemma 4.2 can in fact be used to prove this
result. Propositions 2 and 4 of Section 3.6 in [BGR] allow us to give the following
definition of a stable field which is complete.
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Definition 4.3. A complete field K is stable if and only if for every finite separable
field extension L/K the following equality holds
[L : K] = [|L∗| : |K∗|][L˜ : K˜].
Proposition 4.4. Let S be a k-curve. Let p ∈ San be a point of type II. The
complete field H(p) is stable.
Proof. Let Si be an irreducible component of S such that p ∈ Sani . Let S
′
i denote
the normalisation of Si. There exists a finite set of k-points F
′ and F in S′i and Si
respectively such that S′
an
i r F
′ = Sani r F . It follows that we may reduce to the
case when S is smooth, projective and integral.
Let L be a finite separable extension of H(p). By definition, H(p) is the comple-
tion of the function field of the curve S with respect to the valuation associated to
p. Let L0 denote the integral closure of k(S) in L. By construction, L0 is a finite
separable field extension of k(S). Hence there exists a smooth projective k-curve
S′ such that k(S′) = L0. Let L̂0 denote the completion of L0 induced by the re-
striction of the valuation of L. We claim that L̂0 = L. Let α ∈ L. By construction
α is algebraic over L̂0. Let g ∈ L̂0[X ] be the minimal polynomial of α. Suppose
that g is not a monomial. As L̂0 is the completion of L0, there exists a sequence
(fi)i of polynomials of deg(g) in L0[X ] which converge to g with respect to the
Gauss norm i.e. the coefficients of the (fi)i converge to the coefficients of g. Let αi
denote a root of fi for each i. By Corollary 2 of [[BGR], Section 3.4], there exists
a sub sequence of (αi)i which converges to a root α
′ of g. As the αi are algebraic
over L0 they must be algebraic over k(S). Furthemore, by Proposition 3 in [[BGR],
Section 3.4], for large enough i we must have that αi ∈ L. Hence by definition of
L0, αi ∈ L0. Hence α′ ∈ L̂0. This implies a contradiction to our assumption that g
is irreducible and of degree greater than or equal to 2. Consequently, α ∈ L̂0 and
L̂0 = L. Hence there exists a point p
′ of type II on S′an such that H(p′) = L. The
proposition follows from Lemma 4.2.

We study the invariants s(p) and s(p′, p) of Theorem 4.1 using the deformation
retractions ψ and ψ′.
Definition 4.5. (The equivalence relation ∼i(r)) Let r ∈ [0, 1]. We define an
equivalence relation ∼i(r) on C
′(k) as follows. We set x′1 ∼i(r) x
′
2 if and only
if φ(x′1) = φ(x
′
2), ψ
′(r, x′1) = ψ
′(r, x′2) and the elements of the tangent space
Tψ′(r,x′
1
) = Tψ′(r,x′
2
) defined by the paths ψ
′( , x′1) : [0, r]→ C
′an, ψ′( , x′2) : [0, r]→
C′an coincide. For x′ ∈ C′(k), let card[x′]i(r) be the cardinality of the equivalence
class which contains x′.
Definition 4.6. (The real number rp, the set Qp′,p and the invariant i(p
′, p)) Let
p ∈ Can be a point which is not of type IV and p′ ∈ (φan)−1(p).
(1) We define rp ∈ [0, 1] to be the smallest real number for which p ∈ ψ(rp, C(k))
where ψ(rp, C(k)) := {ψ(rp, x)|x ∈ C(k)}.
(2) We define Qp′,p := {x′ ∈ C′(k)|ψ′(rp, x′) = p′}.
(3) Let i(p′, p) := minx′∈Qp′,p{card[x
′]i(rp)}.
Recall that if p is a point of type II then we used s(p′, p) to denote the separable
degree of the field extension H˜(p) →֒ H˜(p′) and we set s(p′, p) = 1 otherwise.
Proposition 4.7. Let p′ ∈ C′an, p := φan(p′).
(1) When p is of type II, the number i(p′, p) (cf. Definition 4.6) is the degree
of inseparability of the extension H˜(p) →֒ H˜(p′). Hence s(p′, p) = [H(p′) :
H(p)]/i(p′, p).
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(2) When p is not of type II or IV, s(p) := Σp′∈(φan)−1(p)s(p
′, p) is the number of
∼i(r(p)) equivalence classes in φ
−1(x) for any x ∈ C(k) such that ψ(rp, x) =
p.
Proof. The second assertion can be verified directly and we restrict to proving the
proposition for points of type II. Let C˜p and C˜
′
p′ denote the smooth projective
curves corresponding to the function fields H˜(p) and H˜(p′) respectively. For a
point e ∈ C˜p, let se denote the uniformisant of the local ring OC˜p,e.
Let x ∈ C(k) be such that ψ(rp, x) = p. Since ΥCan contains every k-point over
which the morphism φ is ramified, φ is unramified over x. Let ex ∈ C˜p correspond to
the path ψ( , x) : [0, rp]→ Can. Let tx be a uniformisant of x such that |tx(p)| = 1
and it does not have any zeros or poles at any y for which the element of the tangent
space Tp defined by ψ( , y) : [0, rp]→ C
an coincides with ex.
It follows that the image of tx in the field H˜(p) is a uniformisant at the point ex.
We can hence assume t˜x = se. Let e
′ ∈ C˜′p′ map to ex and y
′ ∈ C′(k) be such that
the element of Tp′ defined by the path ψ
′( , y′) : [0, rp]→ C′an coincides with e′.
By the Non-Archimedean Poincare´-Lelong Theorem, the order of vanishing of
the uniformisant t˜x at e
′ is equal to the cardinality of the equivalence class [y′]i(rp).
The inseparable degree of H˜(p′)/H˜(p) is equal to min{(e′,e)|e′∈C˜′
p′
,e′ 7→e}{orde′(se)}
i.e. min{(e′,e)|e′∈C˜′
p′
,e′ 7→e}{orde′(t˜x)}. Hence i(p
′, p) = minx′∈Qp′,p{card[x
′]i(r(p))}
is the degree of inseparability of the extension H˜(p′)/H˜(p). The equality s(p′, p) =
[H(p′) : H(p)]/i(p′, p) follows from Lemma 4.2. 
Definition 4.8. Let p ∈ Can. We define i(p) := Σp′∈(φan)−1(p)[H(p
′) : H(p)]/i(p′, p)
where i(p′, p) is as in Definition 4.6.
Proposition 4.7, Theorem 4.1 and the fact that gp = 0 when p is not of type II
imply the following corollary.
Corollary 4.9. Let φ : C′ → C be a finite separable morphism between smooth
projective curves over the field k. Let gan(C′), gan(C) be as in Definition 2.26. We
have the following equation.
2gan(C′)− 2 = deg(φ)(2gan(C)− 2) + Σp∈Can2i(p)gp + degR− Σp∈CanR
1
p.
5. A second calculation of gan(C′)
Let φ : C′ → C be a finite morphism between smooth projective curves over
the field k. Our results in Section 3 imply the existence of a pair of deformation
retractions ψ′, ψ on C′an and Can which are compatible with the morphism φan.
We choose ψ and ψ′ as in the proof of Theorem 4.1. Let ΥC′an and ΥCan denote
the images of the retractions ψ′ and ψ respectively. The deformation retractions
ψ, ψ′ can be constructed so that ΥCan contains those points of C(k) over which the
morphism φ is ramified and does not contain any point of type IV. We have that
gan(C′) = g(ΥC′an) and g
an(C) = g(ΥCan).
Definition 5.1. A divisor on a finite metric graph is an element of the free abelian
group generated by the points of the graph.
As outlined in the introduction, in this section we introduce a divisor w on the
skeleton ΥCan and relate the degree of this divisor to the genus of the skeleton
ΥC′an . The point of doing so is to study how g(ΥC′an) can be calculated in terms
of g(ΥCan) and the behaviour of the morphism between the sets of vertices.
We preserve our choices of vertex sets and edge sets for the two skeleta from the
proof of Theorem 4.1.
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Definition 5.2. (The invariant np and the sets of tangent directions Ep, L(ep, p
′).)
Let p ∈ ΥCan .
(1) Let np denote the number of preimages of p for the morphism φ
an.
(2) Let Tp denote the tangent space at the point p (cf. 2.2.3, 2.4.1). We define
Ep,ΥCan ⊂ Tp to be those elements for which there exists a representa-
tive starting from p and contained completely in ΥCan . When there is no
ambiguity concerning the graph ΥCan , we simplify notation and write Ep.
(3) For any p′ ∈ C′an such that φan(p′) = p, the morphism φan induces a
map dφp′ between the tangent spaces Tp′ and Tp (cf. 2.2.3, 2.4.1). For
p′ ∈ (φan)−1(p) and ep ∈ Ep, we define L(ep, p′) ⊂ Tp′ to be the set of
preimages of ep for the map dφp′ and l(ep, p
′) to be the cardinality of the
set L(ep, p
′).
Observe that as ΥC′an = (φ
an)−1(ΥCan), any element of L(ep, p
′) can be repre-
sented by a geodesic segment that is contained completely in ΥC′an .
Definition 5.3. (The divisor w of ΥCan) Let the notation be as in Definition 5.2.
For a point p ∈ ΥCan , let w(p) := (
∑
ep∈Ep,p′∈(φan)−1(p)
l(ep, p
′)) − 2np. We define
w to be the divisor Σp∈ΥCanw(p)p.
Proposition 5.4. The degree of the divisor w is equal to 2g(ΥC′an)− 2.
Proof. We begin by stating the following fact concerning connected, finite metric
graphs. Let Σ be a connected, finite metric graph. Let p ∈ Σ. Let U be a simply
connected neighborhood of p in Σ. We define tp to be the cardinality of the set of
connected components of the space U r {p} and DΣ :=
∑
p∈Σ(tp − 2)p. It can be
verified that DΣ is a divisor on the finite graph Σ whose degree is equal to 2g(Σ)−2.
The connected, finite graphs ΥC′an and ΥCan are the images of a pair of compati-
ble deformation retractions. Hence the morphism φan restricts to a continuous map
ΥC′an → ΥCan . This map induces a homomorphism φ∗ : Div(ΥC′an)→ Div(ΥCan)
defined as follows. We define φ∗ only on the generators of the group Div(ΥC′an).
If 1.p′ ∈ Div(ΥC′an) then we set φ∗(1.p′) = 1.φ(p′). Note that for any divisor
D′ ∈ Div(ΥC′an), deg(φ∗(D′)) = deg(D′).
We will show that w = φ∗(DΥC′an ). By definition,
φ∗(DΥC′an )(p) = (
∑
p′∈(φan)−1(p)
tp′)− 2np.
Let p′ ∈ ΥC′an and p = φan(p′). We must have that the number of distinct germs
of geodesic segments starting from p′ and contained in ΥC′an is tp′ . We have a map
dφp′ : Tp′ → Tp which maps germs of geodesic segments starting at p′ to germs
of geodesic segments starting at p. As ΥC′an = (φ
an)−1(ΥCan), we must have that
the image via dφp′ of a germ for which there exists a representative contained in
ΥC′an and starting from p
′ must be a germ starting at p for which there exists a
representative contained in ΥCan . Likewise, if ep is a germ starting at p which has
a representative contained in ΥCan then its preimage for the map dφp′ is a germ
starting at p′ for which there exists a representative contained in ΥC′an . It follows
that
∑
p′∈(φan)−1(p) tp′ =
∑
ep∈Ep,p′∈φ−1(p)
l(ep, p
′). Hence φ∗(DΥCan ) = w. 
5.1. Calculating np. We extend the invariant np of Definition 5.2 to all points of
Can.
Definition 5.5. (The invariant np) Let p ∈ Can. Let np denote the number of
preimages of p for the morphism φan.
In this section we study np for p ∈ Can with the added restriction that the
extension of function fields k(C) →֒ k(C′) associated to the morphism φ is Galois.
36 JOHN WELLIAVEETIL
Definition 5.6. (The invariant ram(p) for p ∈ Can) Let p ∈ Can.
(1) Let p be a point of type I i.e. p ∈ C(k). Let p′ ∈ C′(k) such that φ(p′) = p.
Let ram(p′, p) denote the ramification degree associated to the extension of
the discrete valuation rings OC,p →֒ OC′,p′ . Since the morphism φ is Galois,
for p ∈ C(k), the ramification degree ram(p′, p) is a constant as p′ varies
along the set of preimages of the point p. The ramification degree depends
only on the point p ∈ C(k) and we denote it ram(p). As k is algebraically
closed we have that
[k(C′) : k(C)] = npram(p).
(2) When p is not of type I, we define ram(p) := 1.
Let p be a point of Can which is not of type IV. Recall that rp is the smallest real
number in the real interval [0, 1] such that p belongs to ψ(rp, C(k)) = {ψ(rp, x)|x ∈
C(k)}. Since the pair of deformation retractions ψ′ and ψ are compatible with the
morphism φan, we must have that (φan)−1(p) ⊂ ψ′(rp, C
′(k)).
Definition 5.7. (The equivalence relation ∼c(r) on C(k)) For r ∈ [0, 1], we define
an equivalence relation ∼c(r) on the set of k-points of the curve C
′. Let x′1, x
′
2 ∈
C′(k). We set x′1 ∼c(r) x
′
2 if φ(x
′
1) = φ(x
′
2) and ψ
′(r, x′1) = ψ
′(r, x′2). Observe that
each equivalence class is finite. For x′ ∈ C′(k), let [x′]c(r) denote that equivalence
class containing the point x′.
Lemma 5.8. If x′1, x
′
2 ∈ C
′(k) such that φ(x′1) = φ(x
′
2) then
card[x′1]c(r) = card[x
′
2]c(r)
for all r ∈ [0, 1].
Proof. The lemma is tautological when x′1 ∼c(r) x
′
2. Let us hence assume that
ψ′(r, x′1) = p
′
1 and ψ
′(r, x′2) = p
′
2 where p
′
1 and p
′
2 are two points on C
′an. Ob-
serve that since ΥC′an and ΥCan are the images of a pair of compatible deforma-
tion retractions, φan(p′1) = φ
an(p′2). Let p := φ
an(p′1). The Galois group G :=
Gal(k(C′)/k(C)) acts trasitively on the set of preimages φ−1(p). Let σ ∈ G be an
element of the Galois group such that σ(p′1) = p
′
2. By construction, the deformation
retraction ψ′ is Galois invariant i.e. if t ∈ [0, 1], q ∈ C′an and g ∈ Gal(k(C′)/k(C))
then ψ′(t, g(q)) = g(ψ′(t, q)). It follows that if a ∼c(r) x
′
1 then σ(a) ∼c(r) x
′
2. As σ
is bijective, card[x′1]c(r) ≤ card[x
′
2]c(r). By symmetry we conclude that the lemma
is true. 
Definition 5.9. (The invariant cr(x) for x ∈ C(k)) Let x ∈ C(k) and x′ ∈ C′(k)
such that φ(x′) = x. We define
cr(x) := card[x
′]c(r).
Lemma 5.8 implies that cr(x) is well defined.
Proposition 5.10. Let p ∈ Can be a point which is not of type IV. We have the
following equality.
np = [k(C
′) : k(C)]/(crp(x)ram(x))
for any x ∈ C(k) such that ψ(rp, x) = p.
Proof. When p ∈ C(k), we must have that if x ∈ C(k) is such that ψ(rp, x) = p
then x = p and rp = 0. Hence crp(p) = 1 and the proposition amounts to showing
that [k(C′) : k(C)] = npram(p) which is a well known calculation.
Suppose p ∈ Can r C(k). Let x ∈ C(k) be such that ψ(rp, x) = p. As the
deformation retractions ψ and ψ′ are compatible we must have that ψ′(rp, y) ∈
(φan)−1(p) for every y ∈ φ−1(x). Furthermore, given q ∈ C′an which maps to p
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via φan, there exists a y ∈ φ−1(x) such that ψ′(rp, y) = q. This can be deduced
from the Galois invariance of the deformation retraction ψ′. As ψ fixes the points
of C(k) which are ramified, we must have that if x ∈ C(k) such that ψ(rp, x) = p
then nx = [k(C
′) : k(C)] and ram(x) = 1. The proposition can be deduced from
these observations. 
Observe that if x ∈ C(k) is such that ψ(rp, x) = p then crp(x) = cs(x) for any
s ∈ [rp, 1]. This observation and Proposition 5.10 allow us to define the following
invariant - c1(p) for p ∈ ΥCan .
Definition 5.11. (The invariant c1(p) for p ∈ ΥCan) Let p ∈ ΥCan . The function
c1 : C(k) → Z≥0 factors through ΥCan via the retraction ψ(1, ). Hence we have
c1 : ΥCan → Z≥0. By Proposition 5.10,
np = [k(C
′) : k(C)]/(c1(p)ram(p))
where ram(p) is as in Definition 5.6.
5.2. Calculating l(ep, p
′).
Lemma 5.12. Let p ∈ ΥCan and ep ∈ Ep. Then l(ep, p′) is a constant as p′ varies
through the set of preimages of p for the morphism φan.
Proof. Let p′1, p
′
2 ∈ (φ
an)−1(p). The Galois group Gal(k(C′)/k(C)) acts transitively
on the set of preimages of the point p. As ΥC′an = (φ
an)−1(ΥCan), the elements of
the Galois group are homeomorphisms on C′an which restrict to homeomorphisms
on ΥC′an . It follows that if σ ∈ Gal(k(C′)/k(C)) is such that σ(p′1) = p
′
2 then σ
maps the set of germs L(ep, p
′
1) injectively to the set L(ep, p
′
2). By symmetry, we
conclude that our proof is complete. 
Definition 5.13. (The invariants l(ep) and r˜am(ep) for p ∈ ΥCan and ep ∈ Ep)
Let p ∈ ΥCan and ep ∈ Ep (Definition 5.2).
(1) We define l(ep) := l(ep, p
′) for any p′ ∈ (φan)−1(p). Lemma 5.12 implies
that l(ep) is well defined.
(2) (a) By Section 2.4.3, when p is a point of type II, ep corresponds to a dis-
crete valuation of the k˜-function field H˜(p). For any p′ ∈ (φan)−1(p),
the extension of fields H˜(p) →֒ H˜(p′) can be decomposed into the com-
posite of a purely inseparable extension and a Galois extension. Hence
the ramification degree ram(e′/ep) is constant as e
′ varies through the
set of preimages of ep for the morphism dφ
alg
p′ : Tp′ → Tp (cf. 2.4.1).
Let r˜am(ep) be this number.
(b) When p is of type I, the set Ep contains only one element and we set
r˜am(ep) := ram(p).
(c) When p is of type III, let r˜am(ep) := c1(p).
Applying Propositions 5.4 and 5.12, the value 2gan(C′)− 2 can be calculated in
terms of l(ep) as follows.
Proposition 5.14. Let the notation be as in Definition 5.13. We have that
2gan(C′)− 2 = Σp∈ΥCannp((Σep∈Epl(ep))− 2).
Proposition 5.15. Let p ∈ ΥCan and ep ∈ Ep. The following equality holds.
l(ep) = [k(C
′) : k(C)]/(npr˜am(ep)).
Proof. When p is a point of type I or III, we must have that l(ep) is 1 and hence
the proposition can be easily verified by applying Proposition 5.10. Let us suppose
that p is a point of type II. The morphism φ : C′ → C corresponds to an extension
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of function fields k(C) →֒ k(C′) which is Galois. As p ∈ Can is of type II, it corre-
sponds to a multiplicative norm on the function field k(C). The set of preimages
φ−1(p) corresponds to those multiplicative norms on k(C′) which extend the mul-
tiplicative norm p on k(C). For every p′ ∈ (φan)−1(p), H(p′) is the completion of
k(C′) for p′ and is a finite extension of the non-Archimedean valued complete field
H(p). The Galois group Gal(k(C′)/k(C)) acts transitively on the set (φan)−1(p). It
follows that degree of the extension [H(p′) : H(p)] is a constant as p′ varies through
the set (φan)−1(p). We denote this number f(p). Hence we have that
[k(C′) : k(C)] = npf(p).
By Lemma 4.2, f(p) = [H˜(p′) : H˜(p)]. Uniquely associated to the k˜-function fields
H(p) and H(p′) are smooth, projective k˜-curves denoted C˜p and C˜′p′ . The germ ep
corresponds to a closed point on the former of these curves. The number l(ep) is the
cardinality of the set of preimages of the closed point ep for the morphism C˜p′ → C˜p
induced by φan. The result now follows from [[L], Theorem 7.2.18] applied to the
k˜-function fields H˜(p), H˜(p′) and the divisor ep. 
The results of this section can be compiled so that the value 2gan(C′)− 2 can be
computed in terms of the invariant r˜am introduced below and the invariants ram
and c1 from Definition 5.11.
Definition 5.16. (The invariant r˜am(p) for p ∈ ΥCan) Let p ∈ ΥCan . We define
r˜am(p) := Σep∈Ep(1/r˜am(ep)).
The following theorem can be verified using 5.14 and 5.10.
Theorem 5.17. Let φ : C′ → C be a finite morphism between smooth projective
irreducible k-curves such that the extension of function fields k(C) →֒ k(C′) induced
by φ is Galois. Let gan(C′) be as in Definition 2.26. For p ∈ ΥCan , let r˜am(p), c1(p)
and ram(p) be the invariants introduced in Definition 5.6, 5.11 and 5.16. We have
that
2gan(C′)− 2 = deg(φ)Σp∈ΥCan [r˜am(p)− 2/(c1(p)ram(p))].
6. Appendix
At several instances over the course of this paper, we used the following fact.
Let φ : C′ → C be a finite surjective morphism between k-curves where C is in
addition normal. The induced morphism φan : C′an → Can is then open. The
following lemma justifies this statement.
Lemma 6.1. Let F be a non-Archimedean complete non trivially real valued field.
Let φ : V →W be a finite surjective morphism between irreducible F -varieties with
W normal. The induced morphism φan : V an →W an is an open morphism.
Proof. We apply Lemma 3.2.4 in [B] to prove the lemma. Clearly, we need only
show that ifW is normal thenW an is locally irreducible. By 3.4.3 in loc.cit,W an is a
normal k-analytic space. Let x ∈W an and U ⊂W an be a k-analytic neighborhood
of x. Let U ′ ⊂ U be the connected component that contains x. The space U ′ is a
normal k-analytic space. By 3.1.8 in loc.cit, it must be irreducible. This completes
the proof. 
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